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p-HARMONIC MAPS TO S1 AND STATIONARY
VARIFOLDS OF CODIMENSION 2
DANIEL L. STERN
Abstract. We study the asymptotics as p ↑ 2 of stationary p-harmonic
maps up ∈ W
1,p(M,S1) from a compact manifold Mn to S1, satisfying
the natural energy growth condition∫
M
|dup|
p = O(
1
2− p
).
Along a subsequence pj → 2, we show that the singular sets Sing(upj )
converge to the support of a stationary, rectifiable (n − 2)-varifold V
of density Θn−2(‖V ‖, ·) ≥ 2pi, given by the concentrated part of the
measure
µ = lim
j→∞
(2− pj)|dupj |
pjdvg.
When n = 2, we show moreover that the density of ‖V ‖ takes values in
2piN. Finally, on every compact manifold of dimension n ≥ 2 we produce
examples of nontrivial families (1, 2) ∋ p 7→ up ∈ W
1,p(M,S1) of such
maps via natural min-max constructions.
1. Introduction
In their 1995 paper [18], Hardt and Lin consider the following question:
given a simply connected domain Ω ⊂ R2 and a map g : ∂Ω→ S1 of nonzero
degree, what can be said about the limiting behavior of maps
up ∈W
1,p
g (Ω, S
1) := {u ∈W 1,p(Ω, S1) | up|∂Ω = g}
minimizing the p-energy∫
Ω
|dup|
p = min{
∫
Ω
|du|p | u ∈W 1,pg (Ω, S
1)}
as p ∈ (1, 2) approaches 2 from below? They succeed in showing–among
other things–that away from a collection A of |deg(g)| singularities, a sub-
sequence upj converges strongly to a harmonic map v ∈ C
1
loc(Ω \A,S
1), and
the measures
µj = (2− pj)|duj |
pj(z)dz
converge to the sum Σa∈A2πδa of Dirac masses on A [18]. Moreover, the
singular set A = {a1, . . . , a| deg(g)|} minimizes a certain “renormalized en-
ergy” function Wg : Ω
|deg(g)| → [0,∞] associated to g, providing a strong
constraint on the location of the singularities. In particular, though the
homotopically nontrivial boundary map g admits no extension to an S1-
valued map of finite Dirichlet energy–i.e, W 1,2g (Ω, S1) = ∅–the limit of the
1
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p-energy minimizers as p ↑ 2 provides us with a natural candidate for the
optimal harmonic extension of g to an S1-valued map on Ω.
The results of [18] were inspired in large part by the similar results
of Bethuel, Brezis, and He´lein–contained in the influential monograph [4]–
concerning the asymptotics for minimizers uǫ of the Ginzburg-Landau func-
tionals
Eǫ :W
1,2(Ω,R2)→ R, Eǫ(u) =
∫
Ω
1
2
|du|2 +
(1− |u|2)2
4ǫ2
as ǫ→ 0, with the measures
µǫ :=
|duǫ(z)|
2
2| log ǫ|
dz
taking on the role played by the measures (2− p)|du|p(z)dz in the setting of
[18]. In recent decades, the asymptotics for critical points of the Ginzburg-
Landau functionals Eǫ in higher dimensions have also been studied by a
number of authors, often with an emphasis on the relationship betweeen
concentration phenomena for the measures µǫ and minimal submanifolds
of codimension two (see, for instance, [5],[6],[11],[24],[32],[33], among many
others). A typical result says roughly that if the measures µǫ have uniformly
bounded mass, then a subsequence (C0)∗-converges as ǫ → 0 to a limiting
measure that decomposes into two pieces: a concentrated component given
by a stationary, rectifiable varifold V GL of codimension two, and a diffuse
measure of the form |h|2dvol for some harmonic one-form h (which vanishes
under mild compactness assumptions) (see, e.g., [5],[6],[11],[33]).
Results of this type point to the possibility of employing variational
methods for the Ginzburg-Landau functionals to produce minimal subman-
ifolds of codimension two, but for the complete success of such efforts, we
need an improved understanding of the concentration of µǫ. In particular,
the question of integrality (up to a factor of π) of the limiting varifold V GL
has been resolved only in dimension two [12] and for local minimizers in
higher dimensions [24]. If, on the other hand, one could establish integral-
ity of V GL for general families of critical points (or families with bounded
index), then the min-max methods of [32] and [33] would provide a new
proof of the existence of nontrivial stationary, integral varifolds of codimen-
sion two, in the spirit of Guaraco’s work for the Allen-Cahn equation in
codimension one [16].
In this paper, motivated by analogy with the Ginzburg-Landau setting,
we investigate the limiting behavior as p ↑ 2 of stationary p-harmonic maps
up ∈W
1,p(Mn, S1) from an arbitrary compact, oriented manifold M to the
circle. At the global level, we find that the limiting behavior of the maps
up and their energy measures strongly resembles the asymptotics described
above for solutions to the Ginzburg-Landau equations. At the smallest
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scales, however, the comparatively straightforward blow-up analysis for p-
harmonic maps leads us to some simpler arguments and sharper estimates
than are currently available in the Ginzburg-Landau setting.
Our first result tells us that the limiting behavior of the energy measures
µp = (2− p)|dup|
pdvolg
mirrors that of the measures µǫ in the Ginzburg-Landau setting, with the
modest improvement of a sharp lower bound for the density of the concen-
tration varifold:
Theorem 1.1. Let pi ∈ (1, 2) be a sequence with limi→∞ pi = 2, and let
ui ∈ W
1,pi(Mn, S1) be a sequence of stationary pi-harmonic maps from a
compact, oriented Riemannian manifold Mn to the circle, satisfying
(1.1) sup
i
(2− pi)
∫
M
|dui|
pi <∞.
Then (a subsequence of) the energy measures µi = (2−pi)|dui|
pidvg converge
weakly in (C0)∗ to a limiting measure µ of the form
(1.2) µ = ‖V ‖+ |h¯|2dvolg,
where h¯ is a harmonic one-form, and V is a stationary, rectifiable (n − 2)
varifold. Furthermore, the support of V is given by the Hausdorff limit
spt(V ) = lim
i→∞
Sing(ui)
of the singular sets Sing(ui), and the density Θn−2(‖V ‖, ·) satisfies
(1.3) Θn−2(‖V ‖, x) ≥ 2π for x ∈ spt(V ).
In the course of proving Theorem 1.1, we also establish the following
compactness result for the maps:
Theorem 1.2. Suppose that, in addition to the hypotheses of Theorem 1.1,
either b1(M) = 0 or
sup
i
‖dui‖L1(M) <∞.
Then (a subsequence of) the maps ui converge weakly in W
1,q(M) for all q ∈
(1, 2), and strongly inW 1,2loc (M\spt(V )), to a limiting map v ∈
⋂
q∈[1,2)W
1,q(M,S1)
that is harmonic away from spt(V ).
Next, we show that the concentrated measure ‖V ‖ is quantized in
the two-dimensional setting, with a proof that’s somewhat simpler than its
analog [12] in the Ginzburg-Landau setting:
Theorem 1.3. In the situation of Theorem 1.1, if dim(M) = 2, then the
density of the concentration varifold V has the form
‖V ‖ = Σx∈spt(V )2πmxδx
for some mx ∈ N.
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As in the Ginzburg-Landau setting, the question of the integrality of 12πV
remains open in higher dimensions, but we suspect that the answer will be
affirmative.
Finally, we employ min-max arguments similar to those in [32], together
with results of Wang on generalized Ginzburg-Landau functionals [35], to
demonstrate the existence nontrivial families satisfying the hypotheses of
Theorem 1.1 on any compact manifold:
Theorem 1.4. On every compact Riemannian manifold Mn of dimension
n ≥ 2, there exists a family (1, 2) ∋ p 7→ up ∈ W 1,p(M,S1) of stationary
p-harmonic maps to S1 for which
(1.4) 0 < lim inf
p→2
(2− p)Ep(u) ≤ lim sup
p→2
(2− p)Ep(u) <∞.
1.1. Outline of the Paper: In Section 2, we review important facts about
the structure of maps in W 1,p(M,S1), p-harmonic functions and weakly
p-harmonic maps to S1, and stationary p-harmonic maps.
In Section 3, we record a sharp lower bound for the p-energy density of a
stationary p-harmonic map u ∈ W 1,p(M,S1) on its singular set Sing(u)–a
simpler and sharper analog of the η-ellipticity result (see [5],[24]) for so-
lutions of the Ginzburg-Landau equations. We then use this to obtain p-
independent estimates for the (n− 2)-current T (u) encoding the topological
singularities of u, in the dual Sobolev normsW−1,q = (W 1,q′)∗ for q ∈ (1, p).
In Section 4, we employ the results of the preceding sections to estimate
separately the components of the Hodge decomposition of the one-form ju =
u∗(dθ), first globally in Lq for q < p, then in stronger norms away from
Sing(u).
In Section 5, we use these estimates, together with some standard tech-
niques from the study of energy concentration phenomena, to complete the
proofs of Theorems 1.1 and 1.2.
In Section 6, we prove Theorem 1.3, first under some compactness as-
sumptions, using Theorem 1.2 and a Pohozaev-type identity, and then for
the general case, by showing that the compactness assumptions hold at scales
outside of which the normalized energy measures vanish.
In Section 7, we employ min-max arguments like those in [32] together
with Wang’s results for generalized Ginzburg-Landau functionals [35] to
prove Theorem 1.4. We also include a short appendix, containing the proofs
of some estimates which are of use to us, but do not play a central role in
the paper.
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2. Preliminaries: The Structure of W 1,p(M,S1) and
Circle-Valued p-Harmonic Maps
2.1. Topological Singularities and Lifting in W 1,p(M,S1).
LetMn be a compact, oriented Riemannian manifold, and consider the
spaceW 1,p(M,S1) of circle-valued Sobolev maps, realized as the collection of
complex-valued maps u ∈ W 1,p(M,C) satisfying |u| = 1 almost everywhere
in M . For each u ∈W 1,p(M,S1), we denote by ju the one-form
(2.1) ju := u∗(dθ) = u1du2 − u2du1.
Observe that |du| = |ju| almost everywhere on M , so that ju belongs to Lp.
When u is smooth, the form ju is obviously closed, and it is a straightforward
consequence of the Poincare´ Lemma that u has a local lifting of the form
u = eiϕ for some smooth, real-valued ϕ.
For general u ∈W 1,p(M,S1), the exterior derivative d[ju] is no longer
well-defined pointwise, but since ju belongs to Lp, we can still make sense
of d[ju] as a distribution in W−1,p. Namely, one defines the distributional
Jacobian T (u) of u to be the (n−2)-current acting on smooth (n−2)-forms
ζ ∈ Ωn−2(M) by
(2.2) 〈T (u), ζ〉 :=
∫
M
ju ∧ dζ.
The analytic and measure-theoretic properties of distributional Jaco-
bians for S1-valued maps (and their analog for sphere-valued maps more
generally) have been studied by a number of authors; we make no attempt
to survey the many contributions here, but refer the reader to the papers
[1], [20], [27], and the references therein for a sample. Note that for smooth,
complex-valued maps, we have the pointwise relation
d(u1du2 − u2du1) = 2du1 ∧ du2,
and since u 7→ du1 ∧ du2 defines a continuous map from W 1,2(M,C) to the
space of L1 two-forms, it follows that
T (u) = 2du1 ∧ du2
holds for all u ∈ W 1,2(M,S1). In particular, since rank(du) ≤ 1 almost
everywhere, one deduces that T (u) = 0 for all u ∈ W 1,2(M,S1). On the
other hand, for p ∈ [1, 2), and k ∈ Z, the maps vk : D
2
1 → S
1 given by
vk(z) := (z/|z|)
k
evidently lie in W 1,p(D,S1), with nontrivial distributional Jacobian
T (vk) = 2πk · δ0.
Observe now that if u has the form u = eiϕ for some real-valued ϕ ∈
W 1,p, then T (u) is given by
〈T (u), ζ〉 =
∫
M
dϕ ∧ dζ,
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and since ϕ can be approximated in W 1,p(M,R) by smooth functions, it
follows that T (u) = 0. The following result of Demengel provides a useful
converse–if the topological singularity vanishes, then u lifts locally to a real-
valued function in the same Sobolev space:
Proposition 2.1. ([13]) If u ∈ W 1,p(Bn, S1) and T (u) = 0 in the ball Bn,
then u = eiϕ on Bn for some ϕ ∈W 1,p(Bn,R).
The significance of the lifting result for variational problems onW 1,p(M,S1)
is clear: away from the support of the (n − 2)-current T (u), an S1-valued
solution u of some geometric p.d.e. lifts locally to a function ϕ solving an
associated scalar problem, for which a stronger regularity theory is often
available.
2.2. Weakly p-Harmonic Maps to S1.
A map u ∈ W 1,p(M,S1) for p ∈ (1,∞) is called weakly p-harmonic if
it satisfies
(2.3)
∫
|du|p−2〈du, dv〉 =
∫
|du|p〈u, v〉
for all v ∈ (W 1,p ∩ L∞)(M,R2). Writing v = ϕu+ iψu in (2.3), it’s easy to
see that (2.3) holds if and only if
(2.4)
∫
|du|p−2〈ju, dψ〉 = 0
for all ψ ∈W 1,p(M,R)–i.e., when ju satisfies
(2.5) div(|ju|p−2ju) = 0
distributionally on M . From (2.4), it is not hard to see that u is weakly p-
harmonic precisely when u minimizes the p-energy Ep(u) =
∫
M |du|
p among
all competitors of the form eiϕu.
In view of (2.5), wherever u admits a local lifting u = eiϕ for some
real-valued ϕ ∈W 1,p, we see that u is weakly p-harmonic if and only if ϕ is
a p-harmonic function–i.e., a weak solution of
div(|dϕ|p−2dϕ) = 0.
For p ∈ (1, 2), the C1,α regularity of p-harmonic functions was established
by DiBenedetto [14] and Lewis [22]. It is, moreover, possible to check that
the Ho¨lder exponent α and other relevant constants in the central estimates
of [14] and [22] can be taken independent of p for p bounded away from 1
and ∞. Rather than using the full strength of the C1,α regularity, we will
employ in this paper the following simpler estimates, whose proof we sketch
in the appendix:
Proposition 2.2. Let B2r(x) be a geodesic ball in some manifold M
n with
|sec(M)| ≤ K. If ϕ ∈ W 1,p(B2r(x),R) is a p-harmonic function for p ∈
[32 , 2], then for some constant C(n,K) <∞, we have that
(2.6) ‖dϕ‖pL∞(Br(x)) ≤ Cr
−n‖dϕ‖pLp(B2r(x))
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and
(2.7) rp‖Hess(ϕ)‖pLp(Br(x)) ≤ C‖dϕ‖
p
Lp(B2r(x))
Combining this with the lifting criterion of Proposition 2.1, one obtains
the following partial regularity result for weakly p-harmonic maps to the
circle:
Corollary 2.3. Let p ∈ [32 , 2], and let B2r(x) be a geodesic ball on a manifold
Mn with |sec(M)| ≤ K. If u ∈ W 1,p(B2r(x), S
1) is a weakly p-harmonic
map with vanishing distributional Jacobian
T (u) = 0 in B2r(x),
then
(2.8) ‖du‖pL∞(Br(x)) ≤ Cr
−n‖du‖pLp(B2r(x))
and
(2.9) rp‖∇du‖pLp(Br(x)) ≤ C‖du‖
p
Lp(B2r(x))
.
Remark 2.4. Though Corollary 2.3 shows that weakly p-harmonic maps
u ∈ W 1,p(M,S1) are reasonably smooth (with effective estimates) away
from the support of T (u), observe that the weak p-harmonic condition alone
gives no constraint on T (u) itself. Indeed, given any v ∈ W 1,p(M,S1), we
can minimize
∫
M |du|
p among all maps of the form u = eiϕv to find a weakly
p-harmonic u with topological singularity
T (u) = d[jv + dϕ] = djv = T (v)
equal to that of v. The problem of minimizing p-energy among S1-valued
maps with prescribed singularities in R2–and, more generally, among Sk−1-
valued maps with prescribed singularities in Rk–is studied in detail in [8].
2.3. p-Stationarity and Consequences.
A map u ∈W 1,p(M,S1) is said to be p-stationary, or simply stationary,
if it is critical for the energy Ep(u) with respect to perturbations of the form
ut = u ◦ Φt for smooth families Φt of diffeomorphisms on M . Equivalently,
u is p-stationary if it satisfies the inner-variation equation
(2.10)
∫
M
|du|pdiv(X) − p|du|p−2〈du∗du,∇X〉 = 0
for every smooth, compactly supported vector field X on M .
The most-studied class of stationary p-harmonic maps (for arbitrary
target manifolds) are the p-energy minimizers, whose regularity theory for
p 6= 2 was first investigated in [17] and [26]. On the other hand, as we discuss
in Section 7, one can also combine the results of [35] with various min-
max constructions to produce many examples non-minimizing stationary
p-harmonic maps for certain non-integer values of p.
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Given a stationary p-harmonic map u ∈ W 1,p(Mn, S1), for each geo-
desic ball Br(x) ⊂M , we define the p-energy density
(2.11) θp(u, x, r) := r
p−n
∫
Br(x)
|du|p.
By standard arguments, it follows from the stationary equation (2.10) that
the density θp(u, x, r) is nearly monotonic in r: Namely, taking X in (2.10)
of the form
X = ψ
1
2
∇dist(x, ·)2
for some functions ψ ∈ C∞c (Br(x)) approximating the characteristic func-
tion χBr(x), and employing the Hessian comparison theorem to estimate the
difference ∇X − I in Br(x), one obtains the following well-known estimate
(see, e.g., [17], sections 4 and 7):
Lemma 2.5. Let u ∈ W 1,p(M,S1) be a stationary p-harmonic map on a
manifold Mn with |sec(M)| ≤ K. Then there is a constant C(n,K) such
that for any x ∈M and almost every 0 < r < inj(M), we have the inequality
(2.12)
d
dr
[eCr
2
θp(u, x, r)] ≥ pe
Cr2rp−n
∫
∂Br(x)
|du|p−2|
∂u
∂ν
|2.
In particular, eCr
2
θp(u, x, r) is monotone increasing in r.
In light of the monotonicity result, it makes sense to define the pointwise
energy density
(2.13) θp(u, x) := lim
r→0
θp(u, x, r).
Perhaps the most significant consequence of Lemma 2.5 is the boundedness
of blow-up sequences: Given a sequence of radii inj(M) > rj → 0, observe
that the maps uj = ux,rj ∈W
1,p(Bn1 (0), S
1) defined by
uj(y) := u(expx(rjy))
are stationary p-harmonic with respect to the blown-up metrics
gj(y) := r
−2
j ([expx]
∗g)(rjy)
on Bn1 (0), with p-energy given by
Ep(uj , B1, gj) =
∫
B1(0)
|duj |
p
gjdvgj = r
p−n
j
∫
Brj (x)
|du|pgdvg = θp(u, x, rj),
so it follows from Lemma 2.5 that the p-energies Ep(uj , B1, gj) are uniformly
bounded from above as rj → 0.
For a local minimizer u of the p-energy, one could then appeal to the
compactness results of ([17], Section 4) to conclude immediately that a sub-
sequence ujk of such a blow-up sequence converges strongly to a minimizing
tangent map u∞. For p ∈ (1, 2)–the range of interest to us–it turns out
that we can still obtain a strong convergence result without the minimizing
assumption, but this relies on the following subtler result of [28]:
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Proposition 2.6. ([28], Lemma 3.17) Let N be a compact homogeneous
space with left-invariant metric. For fixed p ∈ (1,∞)\N, let uj ∈W
1,p(Bn2 , N)
be a sequence of maps which are stationary p-harmonic with respect to a
C2-convergent sequence of metrics gj → g∞ on B2. If {uj} is uniformly
bounded in W 1,p(B2, N), then some subsequence ujk converges strongly in
W 1,p(B1, N) to a map u∞ that is stationary p-harmonic with respect to g∞.
Remark 2.7. The significance of the condition p /∈ N is that the p-energy
has no conformally invariant dimension in this case, so that no bubbling can
occur, and the proposition follows from arguments generalizing those of [23]
to the case p 6= 2 (see [28]). The requirement that N be a homogeneous space
is a technical one, arising from the fact that, at present, the most general
ǫ-regularity theorem available for stationary p-harmonic maps (when p 6= 2)
is that of [34] for homogeneous targets. It may be of interest to note that
ǫ-regularity (and consequently Proposition 2.6) holds for arbitrary compact
targets N for those stationary p-harmonic maps u : M → N constructed
from critical points of generalized Ginzburg-Landau functionals, by virtue
of Lemma 2.3 of [35].
Since S1 is in any case a compact homogeneous space, the result
of Proposition 2.6 applies to stationary p-harmonic maps to S1 for any
p ∈ (1, 2), the range of interest. In particular, it follows that for any blow-
up sequence uj = ux,rj ∈ W
1,p(Bn2 (0), S
1), rj → 0, we can extract a subse-
quence rjk → 0 such that the maps ujk converge strongly inW
1,p(Bn1 (0), S
1)
to a map u∞ ∈W 1,p(Bn1 (0), S1) which is stationary p-harmonic with respect
to the flat metric, and satisfies
θp(u∞, 0, r) = θp(u, x)
for every r > 0. Following standard arguments (see, e.g., [17]), we can then
apply the Euclidean case of the monotonicity formula 2.12 (in which C = 0)
to conclude that u∞ must satisfy the 0-homogeneity condition
〈du∞(x), x〉 = 0 for a.e. x ∈ Rn.
In the next section, we will appeal to this strong convergence to tangent
maps to obtain a sharp lower bound for the density θp(u, x) at singular
points of u, which will form the foundation for many of the estimates that
follow.
3. Sharp ǫ-Regularity and Estimates for T (u)
3.1. A Sharp Lower Bound for Energy Density on Sing(u).
The analysis leading to Theorem 1.1 rests largely on the following
proposition–the comparatively simple counterpart in our setting to the “η-
compactness”/“η-ellipticity” results of [5],[24]:
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Proposition 3.1. Let u ∈ W 1,p(Mn, S1) be a stationary p-harmonic map
with n ≥ 2 and p ∈ (1, 2), and let x ∈ Sing(u) be a singular point. Then
(3.1) θp(u, x) ≥ c(n, p)
2π
2 − p
,
where c(2, p) = 1, and, for n > 2,
c(n, p) :=
∫
Bn−21
(
√
1− |y|2)2−pdy → ωn−2 as p→ 2.
(Here, ωm denotes the volume of the Euclidean unit m-ball.)
Proof. Let x ∈ Sing(u); by the small energy regularity theorem of [34],
this is equivalent to the positivity of the density θp(u, x) > 0. Taking a
sequence of radii rj → 0 and considering the blow-up sequence uj = ux,rj , we
know from the discussion in Section 2.3 that some subsequence ujk converges
strongly in W 1,ploc (R
n, S1) to a nontrivial stationary p-harmonic map
v ∈W 1,ploc (R
n, S1)
satisfying
(3.2) θp(v, 0, r) = θp(u, x) for all r > 0, and
∂v
∂r
= 0.
Since the tangent map v is radially homogeneous, it follows that its restric-
tion v|S to the unit sphere defines a weakly p-harmonic map on S
n−1.
Next, we observe that if n > 2, the restriction v|S must again have
a nontrivial singular set. Indeed, if v|S were C
1, then since H1dR(S
n−1) =
0, we would have a lifting v|S = e
iϕ for some p-harmonic function ϕ ∈
W 1,p(Sn−1,R). The only p-harmonic functions on closed manifolds are the
constants, so this would contradict the nontriviality of v. Thus, v|S must
have nonempty singular set on Sn−1, and in particular, Sing(v) must contain
at least one ray in Rn.
We proceed now by a simple dimension reduction-type argument. Fix-
ing some singular point x1 ∈ Sing(v) \ {0} of v away from the origin, a
standard application of (3.2) and the monotonicity formula gives the den-
sity inequality
(3.3) θp(v, x1) ≤ θp(v, 0) = θp(u, x).
Thus, we can take a blow-up sequence for v at x1 to obtain a new tangent
map v1 ∈W
1,p
loc (R
n, S1) satisfying
(3.4) 0 < θp(v1, 0, r) = θp(v1, 0) ≤ θp(u, x) for all r > 0.
This map v1 will again be radially homogeneous (by the monotonicity for-
mula), and from the radial homogeneity ∂v∂r = 0 of v, v1 inherits the addi-
tional translation symmetry 〈dv1, x1〉 = 0 in the x1 direction. In particular,
v1 is determined by its restriction to an (n − 2)-sphere in the hyperplane
perpendicular to x1, which defines a weakly p-harmonic map from S
n−2 to
S1.
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If n−2 > 1, we can argue as before to see that v1 must have singularities
on this (n−2)-sphere, and blow up again at some point x2 ∈ Sing(v1)\Rx1.
Carrying on in this way, we obtain finally a nontrivial stationary p-harmonic
map vn−2 ∈ W
1,p
loc (R
n, S1) which is radially homogeneous, invariant under
translation by some (n− 2)-plane Ln−2, and satisfies
(3.5) θp(vn−2, 0, r) ≤ θp(u, x) for all r > 0.
Now, it’s easy to see that the only weakly p-harmonic maps from S1 to
S1 are given by the identity z 7→ z and its powers z 7→ zκ for κ ∈ Z. In
particular, letting z denote the projection of x onto L⊥, it follows that
vn−2(x) = (z/|z|)κ
for some 0 6= κ ∈ Z. We can therefore compute
θp(vn−2, 0, 1) =
∫
Bn−21
∫
D2√
1−|y|2
|κ|p
|z|p
dzdy
=
2π|κ|p
2− p
∫
Bn−21
(
√
1− |y|2)2−pdy
=
2π|κ|p
2− p
c(n, p).
It then follows from (3.5) that
(3.6) θp(u, x) ≥ θp(vn−2, 0, 1) ≥ c(n, p)
2π
2− p
,
as desired. 
3.2. Consequences of Proposition 3.1 and Estimates for T (u).
Throughout this section, letM be an n-dimensional manifold satisfying
the sectional curvature and injectivity radius bounds
(3.7) |sec(M)| ≤ k, inj(M) ≥ 3,
and let p ∈ [3/2, 2). As a first consequence of Proposition 3.1, we employ
a simple Vitali covering argument (compare, e.g., Theorem 3.5 of [28]) to
obtain p-independent estimates for the (n − p)-content of the singular set
Sing(u) = spt(T (u)) of a stationary p-harmonic map u to S1.
Lemma 3.2. Let u ∈ W 1,p(B3(x), S
1) be a stationary p-harmonic map on
a geodesic ball B3(x) ⊂M of radius 3, satisfying the p-energy bound
(3.8) Ep(u,B3(x)) ≤
Λ
2− p
.
For r ≤ 1, the r-tubular neighborhood Nr(Sing(u)∩B2(x)) about the singular
set Sing(u) then satisfies a volume bound of the form
(3.9) V ol(Nr(Sing(u)) ∩B2(x)) ≤ C(k, n)Λr
p.
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Proof. Applying the Vitali covering lemma to the covering
{Br(y) | y ∈ Sing(u) ∩B2(x)}
ofNr(Sing(u)∩B2(x)), we obtain a finite subcollection x1, . . . , xm ∈ Sing(u)∩
B2(x) for which
(3.10) Br(xi) ∩Br(xj) = ∅ when i 6= j,
and
(3.11) Nr(Sing(u) ∩B2(x)) ⊂
m⋃
i=1
B5r(xj).
Now, by virtue of Proposition 3.1 and Lemma 2.5, we have for each
Br(xi) the lower energy bound
2πc(n, p)
2− p
≤ C(k, n)θp(u, xi, r) = C(k, n)r
p−n
∫
Br(xi)
|du|p,
and from the disjointness (3.10) of {Br(xi)}, it follows that
m
2πc(n, p)
2− p
≤ C(k, n)rp−n
∫
Nr(Sing(u))∩B3(x)
|du|p ≤ C(k, n)rp−n
Λ
2− p
.
Since infp∈[3/2,2) c(n, p) > 0, this gives us an estimate of the form
m ≤ C(k, n)Λrp−n.
By virtue of (3.11), it then follows that
V ol(Nr(Sing(u) ∩B2(x))) ≤ m · C
′(k, n)rn
≤ C(k, n)Λrp,
as claimed. 
For analysis purposes, this volume estimate is one of the most important
consequences of Proposition 3.1, and we will use it repeatedly throughout
the remainder of the paper. The first application is a series of improved
estimates for the distributional Jacobian T (u) of u. A priori, without further
knowledge of the map u ∈W 1,p(M,S1), we know only that
‖T (u)‖W−1,p ≤ ‖du‖Lp ,
since
〈T (u), ζ〉 =
∫
M
ju ∧ dζ ≤ ‖ju‖Lp‖ζ‖W 1,p′
for every ζ ∈ Ωn−2(M) (with p′ := pp−1). With Lemma 3.2 in hand, however,
we are able to show that, for stationary p-harmonic up ∈ W
1,p(M,S1), if
Ep(up) = O(
1
2−p), then T (up) is in fact uniformly bounded in various norms
as p ↑ 2. The first step in this direction is the following estimate:
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Proposition 3.3. Under the assumptions of Lemma 3.2, let T (u) denote
the distributional Jacobian of u. Then for any smooth (n − 2)-form ζ ∈
Ωn−2c (B2(x)) supported in B2(x), we have
(3.12) 〈T (u), ζ〉 ≤ C(k, n)Λ‖ζ‖p−1L∞ ‖dζ‖
2−p
L∞ .
Proof. Fix β ∈ (0, 1) and setK := ⌊ 12−p⌋ ≥
p−1
2−p . Setting U(r) := Nr(Sing(u)∩
B2(x)), we begin with the simple estimate
Ep(u,B2(x)) ≥
∫
U(β)\U(2−Kβ)
|du|p
= ΣKj=1
∫
U(21−jβ)\U(2−jβ)
|du|p,
from which it follows that
(3.13)
∫
U(21−jβ)\U(2−jβ)
|du|p ≤
Ep(u)
K
.
for some j ∈ {1, . . . ,K}. In particular, there is some scale s = 2−jβ ∈
[2
−1
2−pβ, 12β] for which
(3.14)
∫
U(2s)\U(s)
|du|p ≤
Ep(u)
K
≤
Λ
2− p
·
2− p
p− 1
=
Λ
p− 1
.
Now, let ψ(y) = η(dist(y, Sing(u))), where η is given by
η ≡ 1 on [0, s], η(t) = 1−
1
s
(t− s) for t ∈ [s, 2s], and η ≡ 0 on [2s,∞),
so that ψ ≡ 1 on U(s) ⊃ spt(T (u)) and ψ ≡ 0 outside U(2s). For any
ζ ∈ Ωn−2c (B2(x)), we then have
〈T (u), ζ〉 = 〈T (u), ψζ〉
=
∫
ju ∧ dψ ∧ ζ + ju ∧ ψdζ
≤ ‖dψ‖L∞‖ju‖Lp(U(2s)\U(s))‖ζ‖Lp′ (U(2s))
+‖ju‖Lp(U(2s))‖dζ‖Lp′ (U(2s)),
where p′ = pp−1 . Next, we note that ‖dψ‖L∞ =
1
s , while
‖ju‖Lp(U(2s)) ≤ Ep(u,B2(x))
1/p ≤ (2− p)−1/pΛ1/p,
and, by (3.14),
‖ju‖Lp(U(2s)\U(s)) ≤
Λ1/p
(p − 1)1/p
;
using all of this in the preceding estimate, we then obtain
(3.15) 〈T (u), ζ〉 ≤
1
s
Λ1/p
(p− 1)1/p
‖ζ‖Lp′ (U(2s))+(2− p)
−1/pΛ1/p‖dζ‖Lp′ (U(2s)).
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Now, by Lemma 3.2, we see that
‖ζ‖Lp′ (U(2s)) ≤ ‖ζ‖L∞V ol(U(2s))
1−1/p ≤ C(k, n)Λ1−1/psp−1‖ζ‖L∞
and
‖dζ‖Lp′ (U(2s)) ≤ C(k, n)Λ
1−1/psp−1‖dζ‖L∞ ,
which we use in (3.15) to obtain
(3.16) 〈T (u), ζ〉 ≤
CΛsp−2
(p− 1)1/p
‖ζ‖L∞ +
CΛsp−1
(2− p)1/p
‖dζ‖L∞ .
Recalling that s lies in the interval 2
−1
2−pβ ≤ s ≤ 12β, it then follows that
(3.17) 〈T (u), ζ〉 ≤ C(k, n)Λ
(
βp−2‖ζ‖L∞
(p − 1)1/p
+
βp−1‖dζ‖L∞
(2− p)1/p
)
.
Finally, we observe that β ∈ (0, 1) was arbitrary, so we can choose, for
instance
β(p, ζ) =
(2− p)1+1/p
(p− 1)1+1/p
‖ζ‖L∞
‖dζ‖L∞
.
If β(p, ζ) ≥ 1, then
‖dζ‖L∞ ≤
(2− p)1+1/p
(p− 1)1+1/p
‖ζ‖L∞ ,
and the desired estimate holds trivially. Otherwise, we have β(p, ζ) ∈ (0, 1),
so we can plug β = β(p, ζ) into (3.17), and using the fact that (2− p)p−2 is
uniformly bounded for p ∈ (1, 2), we arrive an estimate of the desired form
(3.18) 〈T (u), ζ〉 ≤ C(k, n)Λ‖ζ‖p−1L∞ ‖dζ‖
2−p
L∞ .

By rescaling the result of Proposition 3.3, we obtain the following
statement at arbitrary small scales 0 < r ≤ 1:
Corollary 3.4. For 0 < r ≤ 1, let u ∈ W 1,p(B3r(x), S
1) be a stationary
p-harmonic map with
θp(u, x, 3r) ≤
Λ
2− p
.
Then for every ζ ∈ Ωn−2c (B2r(x)), we have
(3.19) 〈T (u), ζ〉 ≤ C(k, n)Λrn−p‖ζ‖p−1L∞ ‖dζ‖
2−p
L∞ .
In particular, by virtue of energy monotonicity (Lemma 2.5), if u ∈
W 1,p(B3, S
1) satisfies Ep(u,B3) ≤
Λ
2−p , then (3.19) holds for all ζ ∈ Ω
n−2
c (Br(y)),
for every ball Br(y) ⊂ B2(x). In the appendix, we establish the following
general lemma, which will imply that these estimates, together with the vol-
ume bounds of Lemma 3.2, yield p-independent bounds for ‖T (u)‖W−1,q for
any q ∈ [1, p):
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Lemma 3.5. Let S be an (n − 2)-current in W−1,p(B2(x)) satisfying
(3.20) 〈S, ζ〉 ≤ Arn−p‖ζ‖p−1L∞ ‖dζ‖
2−p
L∞ ∀ζ ∈ Ω
n−2
c (Br(y)),
for every ball Br(y) ⊂ B2(x). Suppose also that the r-tubular neighborhoods
Nr(spt(S)) about the support of S satisfy
(3.21) V ol(Nr(B2(x) ∩ spt(S))) ≤ Ar
p.
Then there is a constant C(n, k,A) such that for every 1 ≤ q < p, we have
(3.22) ‖S‖W−1,q(B1(x)) ≤ C(n, k,A)(p − q)
−1/q.
In particular, combining the results of Lemma 3.2 with Lemma 2.5 and
Corollary 3.4, we find that
Corollary 3.6. Let u ∈ W 1,p(B3(x), S
1) be a stationary p-harmonic map
with
Ep(u,B3(x)) ≤
Λ
2− p
.
Then for every q ∈ [1, p), we have
(3.23) ‖T (u)‖W−1,q(B1(x)) ≤ C(n, k,Λ, q).
Proof. By the preceding discussion, we see that
‖T (u)‖W−1,q(B1(x)) ≤ C(n, k,Λ)(p − q)
−1/q.
To put this in the form (3.23), we simply separate into two cases: if p ≤ 1+ q2 ,
then 2− p ≥ 2−q2 , and (3.23) follows from the trivial estimate
‖T (u)‖W−1,p ≤ ‖du‖Lp ≤
Λ1/p
(2− p)1/p
.
On the other hand, if p > 1 + q2 , then p− q >
2−q
2 , and so
‖T (u)‖W−1,q(B1(x)) ≤ C(n, k,Λ)(p − q)
−1/q ≤ C(n, k,Λ, q),
as claimed. 
Remark 3.7. Given the existence of estimates–like those of [19]–which bound
in certain weak norms the Jacobians of arbitrary maps in W 1,2(M,C) by
the normalized Ginzburg-Landau energies Eǫ| log ǫ| , it is natural to ask whether
results along the lines of Proposition 3.3 or Corollary 3.6 can be obtained
for arbitrary maps u ∈ W 1,p(M,S1). If so, such estimates could be of use
for the study of variational problems in W 1,p(M,S1), just as the results of
[19] have been in the Ginzburg-Landau setting (as in, e.g., [6], [33]).
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4. Estimates For the Hodge Decomposition of ju
Now, let Mn again be an arbitrary compact, oriented Riemannian
manifold, and for p ∈ [3/2, 2), let u ∈ W 1,p(M,S1) be a stationary p-
harmonic map with
(4.1) Ep(u) ≤
Λ
2− p
.
In our analysis of the global behavior of u, just as in the Ginzburg-Landau
setting, the Hodge decomposition
(4.2) ju = dϕ+ d∗ξ + h
of ju plays a central role. (For more on Hodge decomposition in the space
of Lp differential forms, we refer the reader to [31].) Here, ϕ ∈ W 1,p(M,R)
is the function given by
ϕ := ∆−1(div(ju)),
ξ is the W 1,p two-form
ξ := ∗∆−1H T (u),
and h is the remaining harmonic one-form, which we can write as
h := Σki=1
(∫
M
〈hi, ju〉
)
hi
with respect to an L2-orthonormal basis {hi}
k
i=1 for the space H
1(M) of
harmonic one-forms. We remark that, in our notation, ∆ denotes the neg-
ative spectrum scalar Laplacian, but ∆H = dd
∗ + d∗d is the usual positive
spectrum Hodge Laplacian.
Our first goal in this section is to establish estimates which show that,
for each q ∈ [1, 2), and any sequence up as in Theorem 1.1, the coexact
component d∗ξ remains bounded and the exact component dϕ vanishes in
Lq as p→ 2. The second is to show that the same behavior holds in stronger
norms away from the singular sets.
For the harmonic form h, we need only the trivial L∞ estimate
(4.3) ‖h‖L∞(M) ≤ C(M)‖du‖L1(M) ≤ C(M)
Λ1/p
(2 − p)1/p
.
For the exact and co-exact terms dϕ and d∗ξ, we begin by establishing the
following global estimates:
Proposition 4.1. If q ∈ [1, p), then
(4.4) ‖ξ‖W 1,q ≤ C(M,Λ, q)
and
(4.5) ‖ϕ‖W 1,q ≤ C(M,Λ, q)(2 − p)
1−1/p| log(2− p)|
for some C(M,Λ, q) <∞ independent of p.
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Proof. First, note that we can apply Corollary 3.6 (after some fixed rescal-
ing) to a finite covering ofM by geodesic balls, to obtain theW−1,q estimate
(4.6) ‖T (u)‖W−1,q(M) ≤ C(M,Λ, q)
for the distributional Jacobian T (u). Since ξ := ∗∆−1H T (u) by definition, it
follows from the Lq regularity of ∆H that
‖ξ‖W 1,q ≤ C(M, q)‖T (u)‖W−1,q ≤ C(M,Λ, q),
as desired.
To estimate dϕ, we begin by observing that since u is weakly p-
harmonic, the distributional divergence
div(|ju|p−2ju)
vanishes, and ϕ can therefore be recast as
ϕ := ∆−1(div(ju − |ju|p−2ju)).
The Lq regularity of the Laplacian then gives
(4.7) ‖ϕ‖W 1,q ≤ C(q,M)‖(1 − |ju|
p−2)ju‖Lq ,
so it is enough produce an Lq estimate of the desired form for (1−|ju|p−2)ju.
To this end, we write
‖(1 − |ju|p−2)ju‖qLq =
∫
||du| − |du|p−1|q
=
∫
{|du|≤1}
(|du|p−1 − |du|)q
+
∫
{|du|≥1}
(|du| − |du|p−1)q.
It’s easy to check that
max
t∈[0,1]
(tp−1 − t) = (2− p)(p − 1)
p−1
2−p ,
so the {|du| ≤ 1} portion of the integral satisfies∫
{|du|≤1}
(|du|p−1 − |du|)q ≤ (2− p)q(p− 1)
q(p−1)
2−p V ol(M).
To estimate the {|du| ≥ 1} portion of the integral, observe that
1− tp−2 ≤ (2− p) log(t)
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when t ≥ 1, so fixing some λ > 1, we split the integral again to see that∫
{|du|≥1}
(|du| − |du|p−1)q ≤
∫
{1≤|du|≤λ}
(2− p)q log(|du|)q |du|q
+
∫
{|du|≥λ}
|du|q
≤ (2− p)q log(λ)q
∫
{1≤|du|≤λ}
|du|q
+‖du‖
q/p
Lp V ol({|du| ≥ λ})
1−q/p
≤ (2− p)q log(λ)qC(M)‖du‖qLp + ‖du‖
p
Lpλ
q−p,
and since ‖du‖Lp ≤ Λ
1/p(2− p)−1/p, this yields∫
{|du|≥1}
(|du| − |du|p−1)q ≤ C(M)Λq/p(2− p)q−q/p log(λ)q +Λ(2− p)−1λq−p.
Taking λ = (2− p)−
1
p
− q
p−q , we observe that
(2− p)−1λq−p = (2− p)q−q/p
and
log(λ) = (
1
p
+
q
p− q
)| log(2− p)|,
so putting this together with the preceding inequalities, we arrive at the
estimate
(4.8)
∫
||du| − |du|p−1|q ≤
C(M,Λ)
(p− q)q
(2− p)q−q/p| log(2− p)|q.
Considering separately the cases p > 1 + q2 and p ≤ 1 +
q
2 as in the proof of
Corollary 3.6, and recalling that
‖dϕ‖Lq ≤ C(M, q)‖|du| − |du|
p−1‖Lq ,
we arrive at an estimate of the desired form (4.5).

Next, we establish estimates resembling (4.4) and (4.5) in W 1,2 norms
away from the singular set Sing(u). The simple estimates of Lemma 4.2
below by no means represent the optimal bounds of this kind, but they will
suffice for the purposes of this paper.
Lemma 4.2. Suppose now that p ∈ [max{qn, 3/2}, 2), where qn =
2n
n+2 (so
that W 1,qn →֒ L2 by Sobolev embedding). Letting r(x) := dist(x, Sing(u)),
we have the L2 estimates
(4.9) ‖r(x)d∗ξ‖L2(M) ≤ C(M,Λ)
and
(4.10) ‖r(x)dϕ‖L2(M) ≤ C(M,Λ)(2− p)
1−1/p| log(2− p)|
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Proof. For δ > 0, let ψδ(x) ∈ Lip(M) be given by
ψδ(x) = max{0, r(x) − δ},
so that ψδ ≡ 0 on a neighborhood of Sing(u) = spt(T (u)), and Lip(ψδ) ≤ 1.
Then d∗ξ is closed on the support of ψδ, and it follows that∫
ψ2δ |d
∗ξ|2 =
∫
〈d∗ξ, ψ2δd
∗ξ〉
=
∫
〈ξ, 2ψδdψδ ∧ d
∗ξ〉
≤ 2
∫
|ψδd
∗ξ||ξ|.
Now, since p > qn, we have by Sobolev embedding and Proposition 4.1 the
estimate
‖ξ‖L2 ≤ C(M)‖ξ‖W 1,qn ≤ C(M,Λ);
applying this in the preceding inequality, it follows that∫
ψ2δ |d
∗ξ|2 ≤ C(M,Λ)2.
Taking δ → 0 and appealing to the monotone convergence theorem, we
arrive at (4.9).
For (4.10), we proceed similarly: with ψδ defined as above, we use the
equation
∆ϕ = div((1 − |ju|p−2)ju)
(and the fact that Lip(ψδ) ≤ 1) to estimate∫
ψ2δ |dϕ|
2 =
∫
〈dϕ, d(ψ2δϕ)〉 − 2〈ψδdϕ, ϕdψδ〉
=
∫
〈(1− |ju|p−2)ju, d(ψ2δϕ)〉
−2
∫
〈ψδdϕ, ϕdψδ〉
≤ ‖ψδ(1− |ju|
p−2)ju‖L2(‖ψδdϕ‖L2 + ‖ϕ‖L2)
+2‖ψδdϕ‖L2‖ϕ‖L2 .
With a few applications of Young’s inequality, it then follows that
(4.11) ‖ψδdϕ‖
2
L2 ≤ 10(‖ψδ(1− |du|
p−2)du‖2L2 + ‖ϕ‖
2
L2)
Now, by Sobolev embedding and Proposition 4.1, we know that
(4.12) ‖ϕ‖2L2 ≤ C(M)‖ϕ‖
2
W 1,qn ≤ C(M,Λ)(2 − p)
2−2/p| log(2− p)|2,
so all that remains is to estimate ‖ψδ(1− |du|
p−2)du‖L2 .
To this end, observe that the gradient estimate of Corollary 2.3 implies
r(x)p|du|p(x) ≤ θp(u, x, r(x)),
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which together with the monotonicity of θp(u, x, ·) yields the pointwise gra-
dient estimate
r(x)p|du|p(x) ≤ C(M)
Λ
2− p
;
in particular, it follows that
(4.13) ψ2δ |du|
2 ≤ C(M,Λ)(2 − p)−2/p.
As in the proof of Proposition 4.1, we note that |(1 − |du|p−2)du| ≤ (2− p)
when |du| ≤ 1, so that∫
{|du|≤1}
ψ2δ |(1− |du|
p−2)du|2 ≤ C(M)(2− p)2.
Where |du| ≥ 1, we can make repeated use of the pointwise estimate (4.13),
together with the fact that
1− |du|p−2 ≤ (2− p) log(|du|)
to find∫
{|du|≥1}
ψ2δ (1− |du|
p−2)2|du|2 ≤ C(M,Λ)(2 − p)−2/p
∫
{|du|≥1}
(1− |du|p−2)2
≤ C(M,Λ)(2 − p)2−2/p
∫
{|du|≥1}
log(|du|)2
≤ C(M,Λ)(2 − p)2−2/p
∫
log
(
C(M,Λ)
(2− p)1/pr(x)
)2
.
Splitting up the logarithm
log
(
C(M,Λ)
(2− p)1/pr(x)
)
= log(C(M,Λ)) +
1
p
| log(2− p)| − log(r(x)),
we then see that∫
M
ψ2δ (1− |du|
p−2)2|du|2 ≤ C(M,Λ)(2− p)2−2/p| log(2− p)|2
+C(M,Λ)(2− p)2−2/p
∫
M
log(r(x))2.
Finally, by the volume estimates of Lemma 3.2, we know that
‖r(x)−1‖Lp,∞ ≤ C(M,Λ),
so that ∫
M
log(r(x))2 ≤ C(M)
∫
M
r(x)−1 ≤ C(M,Λ).
In particular, it then follows that
‖ψδ(1− |du|
p−2)du‖2L2 ≤ C(M,Λ)(2− p)
2−2/p| log(2− p)|2,
which together with (4.11) and (4.12) gives
(4.14) ‖ψδdϕ‖
2
L2 ≤ C(M,Λ)(2 − p)
2−2/p| log(2− p)|2.
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As before, we now take δ → 0 and appeal to the Monotone Convergence
Theorem to arrive at the desired estimate (4.10). 
5. Limiting Behavior of the p-Energy Measure
5.1. Generalized Varifolds.
Let Mn be a compact Riemannian manifold. For m ∈ N, denote by
Am(M
n) the compact subbundle
(5.1) Am(M) := {S ∈ End(TM) | S = S
∗, − nI ≤ S ≤ I, tr(S) = m}
of End(TM) consisting of symmetric endomorphisms with trace m and
eigenvalues lying in [−n, 1]. In [3], Ambrosio and Soner define the space
V ′m(M) of generalized m-varifolds to be the space of nonnegative Radon
measures on Am(M). Note that V
′
m(M) contains the standard m-varifolds–
Radon measures on the Grassmannian bundleGm(M)–since identifying sub-
spaces with the associated orthogonal projections gives a natural inclusion
Gm(M) →֒ Am(M).
As with standard varifolds (see [2],[30] for an introduction), for any
V ∈ V ′m, we define the weight measure ‖V ‖ to be the pushforward π∗V of
V under the projection π : Am(M) → M , and the first variation δV to be
the functional on C1 vector fields given by
(5.2) δV (X) :=
∫
Am(M)
〈S,∇X〉dV (S).
A classical result of Allard (see [2], Section 5) states that any (standard)
m-varifold V whose first variation δV is bounded in the (C0)∗ sense
δV (X) ≤ CV ‖X‖C0
restricts to an m-rectifiable varifold on the set {x | Θ∗m(‖V ‖, x) > 0} where
its (upper-)m-dimensional density
Θ∗m(‖V ‖, x) := lim inf
r→0
‖V ‖(Br(x))
ωmrm
is positive. In [3], this result is extended to the setting of generalized varifolds
as follows:
Proposition 5.1. ([3]) Let V ∈ V ′m(M) be a generalized m-varifold with
bounded first variation
(5.3) δV (X) ≤ CV ‖X‖C0
and positive m-density
(5.4) Θ∗m(‖V ‖, x) > 0 for ‖V ‖ − a.e. x ∈M.
Then there is an m-rectifiable (classical) varifold V˜ such that
(5.5) ‖V˜ ‖ = ‖V ‖ and δV˜ = δV.
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In [3], this result was originally used to study concentration of energy
for solutions of the parabolic Ginzburg-Landau equations, as a means for
constructing codimension-two Brakke flows. In the proof of Theorem 1.1,
we will use it similarly, to show that the concentrated part of µ is given by
the weight measure of a stationary, rectifiable (n− 2)-varifold.
5.2. Proof of Theorems 1.1 and 1.2.
As in Theorem 1.1, letM be a compact, oriented Riemannian manifold,
let pi ∈ (1, 2) with limi→∞ pi = 2, and let ui ∈ W 1,pi(M,S1) be a sequence
of stationary pi-harmonic maps satisfying
(5.6) Λ := sup
i∈N
∫
M
(2 − pi)|dui|
pidvg <∞.
Passing to a subsequence, we can assume also that the pi-energy measures
µi := (2− pi)|dui|
pidvg
converge in (C0)∗ to a limiting measure µ, and that the singular sets Sing(ui)
converge in the Hausdorff metric to a limiting set
Σ = lim
i→∞
Sing(ui).
Now, for each i, consider as in Section 4 the Hodge decomposition
jui = d
∗ξi + dϕi + hi
of jui, and set αi := d
∗ξi+dϕi. We associate to jui, αi, and hi, the following
L1 sections of End(TM):
Si := |dui|
pi−2du∗i dui = |jui|
pi−2jui ⊗ jui,
Ssi := |αi|
pi−2αi ⊗ αi,
and
Shi := |hi|
pi−2hi ⊗ hi.
As we shall see, the proof of Theorem 1.1 rests largely on the following
simple claim:
Claim 5.2.
(5.7) lim
i→∞
(2− pi)‖Si − S
s
i − S
h
i ‖L1 = 0.
Proof. Denoting by f : T ∗xM → End(TxM) the function
f(X) = |X|p−2X ⊗X
for p ∈ (1, 2), it is easy to check that
|∇f(X)| ≤ 3|X|p−1;
as an immediate consequence, we then have
|f(X + Z)− f(X)| ≤
∫ 1
0
3|X + tZ|p−1|Z|dt
≤ 6(|X|p−1 + |Z|p−1)|Z|
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for any X,Z ∈ TpM . In particular, since Si = f(jui) = f(αi + hi), S
s
i =
f(αi), and S
h
i = f(hi) (with p = pi) by definition, it follows that
|Si − S
s
i | ≤ 6(|dui|
pi−1 + |hi|pi−1)|hi|
and
|Si − S
h
i | ≤ 6(|dui|
pi−1 + |αi|pi−1))|αi|.
With this in mind, we estimate the L1 norm of Si−S
s
i −S
h
i by splitting
M into Nδ(Sing(ui)) and M \ Nδ(Sing(ui)) for δ > 0 small, writing
‖Si − S
s
i − S
h
i ‖L1(M) ≤
∫
Nδ(Sing(ui))
|Si − S
s
i |+ |S
h
i |
+
∫
M\Nδ(Sing(ui))
|Si − S
h
i |+ |S
s
i |
≤
∫
Nδ(Sing(ui))
(6|dui|
pi−1|hi|+ 7|hi|pi)
+
∫
M\Nδ(Sing(ui))
(6|dui|
pi−1|αi|+ 7|αi|pi−1).
Now, since
‖hi‖
pi
L∞ ≤ C(M)
Λ
2− pi
and, by Lemma 3.2,
V ol(Nδ(Sing(ui))) ≤ C(M,Λ)δ
pi ,
we have the simple estimate
(5.8) ‖hi‖
pi
Lpi (Nδ(Sing(ui))) ≤
C(M,Λ)
2− pi
δpi .
On the other hand, we know from Lemma 4.2 that∫
M\Nδ(Sing(ui))
|αi|
pi ≤ C(M)
(
δ−2
∫
M\Nδ(Sing(ui))
dist(x, Sing(ui))
2|αi|
2
)pi/2
≤ C(M,Λ)δ−pi .
Returning to our estimate for ‖Si − S
s
i − S
h
i ‖L1(M), it then follows that
‖Si − S
s
i − S
h
i ‖L1(M) ≤
∫
Nδ(Sing(ui))
(6|dui|
pi−1|hi|+ 7|hi|pi)
+
∫
M\Nδ(Sing(ui))
(6|dui|
pi−1|αi|+ 7|αi|pi−1)
≤ C‖dui‖
pi−1
Lpi
(
‖hi‖Lpi (Nδ(Sing(ui))) + ‖αi‖Lpi(M\Nδ(Sing(ui)))
)
≤ C(M,Λ)(2 − pi)
1/pi−1(δ(2 − pi)−1/pi + δ−1).
Multiplying by (2− pi) and taking i→∞, we arrive at the bound
lim sup
i→∞
(2− pi)‖Si − S
s
i − S
h
i ‖L1(M) ≤ C(M,Λ)δ;
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since δ > 0 was arbitrary, (5.7) follows. 
With this claim established, we next observe that measures µi can be
written as
µi = (2− pi)tr(Si)dvg,
and as a consequence of (5.7), we see that
µ = lim
i→∞
(2− pi)tr(S
s
i + S
h
i )dvg
= lim
i→∞
[(2− pi)|αi|
pidvg + (2− pi)|hi|
pidvg]
= lim
i→∞
[(2− pi)|αi|
pidvg + |h¯i|
pidvg,
where in the last line we’ve set
h¯i := (2− pi)
−1/pihi.
Now, since {h¯i} forms a bounded sequence in the space H
1(M) of harmonic
one-forms, by passing to a further subsequence, we can assume that it con-
verges to some limit
h¯ = lim
i→∞
h¯i ∈ H
1(M).
It’s then clear that
|h¯i|
pi → |h¯|2
pointwise, and we can therefore write
(5.9) µ = lim
i→∞
(2− pi)|αi|
pidvg + |h¯|
2dvg.
To complete the proof of Theorem 1.1, it remains to realize the measure
ν := lim
i→∞
|αi|
pidvg
as the weight measure of a stationary, rectifiable (n − 2)-varifold satisfying
the stated properties. To this end, we begin by remarking that, where
|αi| > 0, the tensor
I − 2|αi|
−2αi ⊗ αi ∈ End(TM)
belongs to An−2(M), so we can define a sequence of generalized (n − 2)-
varifolds Vi ∈ V
′
n−2(M) by
(5.10) 〈Vi, f〉 :=
∫
M
(2−pi)|αi|
pif(I−2|αi|
−2αi⊗αi) for f ∈ C0(An−2(M)).
The associated weight measures ‖Vi‖ are then given by
‖Vi‖ := (2− pi)|αi|
pidvg,
and since we have a uniform mass bound
sup
i
‖Vi‖(M) <∞,
we can pass to a further subsequence to obtain a weak limit
V = lim
i→∞
Vi ∈ V
′
n−2(M)
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with weight measure
‖V ‖ = ν.
We claim next that δV = 0. To see this, let X be a C1 vector field, so
that
δV (X) = lim
i→∞
δVi(X)
= lim
i→∞
∫
M
(2− pi)|αi|
pi〈I − 2|αi|
−2αi ⊗ αi,∇X〉
= lim
i→∞
∫
M
(2− pi)|αi|
pidiv(X) − (2− pi)〈2S
s
i ,∇X〉.
Appealing once more to (5.7), we then see that
δV (X) = lim
i→∞
∫
M
(2− pi)(|dui|
pi − |hi|
pi)div(X) − (2− pi)2〈Si − S
h
i ,∇X〉
= lim
i→∞
(2− pi)
∫
M
|dui|
pidiv(X) − 2〈|dui|
pi−2du∗i dui,∇X〉
+ lim
i→∞
∫
M
|h¯i|
pidiv(X) − 2〈|h¯i|
pi−2h¯i ⊗ h¯i,∇X〉.
Now, it’s clear that
lim
i→∞
∫
M
|h¯i|
pidiv(X) − 2〈|h¯i|
pi−2h¯i ⊗ h¯i,∇X〉 =
∫
M
|h¯|2div(X) − 2〈h¯⊗ h¯,∇X〉
= 0,
since div(|h¯|2I − 2h¯ ⊗ h¯) = 0 for harmonic h¯. On the other hand, we know
from the pi-stationarity of ui that∫
M
|dui|
pidiv(X) − p〈|dui|
pi−2du∗i dui,∇X〉 = 0,
and consequently
|δV (X)| = | lim
i→∞
(2− pi)
∫
M
(pi − 2)〈|dui|
pi−2dui ⊗ dui,∇X〉|
≤ lim
i→∞
(2− pi)Λ|∇X|C0
= 0,
as claimed.
Since ν = ‖V ‖ for a generalized (n − 2)-varifold V with δV = 0, it
will follow from Proposition 5.1 that ν is indeed the weight measure of a
stationary, rectifiable (n− 2)-varifold, once we show that ν satisfies
Θ∗n−2(ν, x) > 0 for all x ∈ spt(ν).
In particular, to complete the proof of Theorem 1.1, it now suffices to es-
tablish the following lemma:
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Lemma 5.3. The support spt(ν) of ν is given by
(5.11) spt(ν) = Σ = lim
i→∞
Sing(ui),
and for x ∈ Σ, the density of ν satisfies the lower bound
(5.12) Θ∗n−2(ν, x) ≥ 2π.
Proof. To establish (5.11), first consider x ∈M \ Σ, and set δ = dist(x,Σ).
By definition of Hausdorff convergence, it follows that
dist(x, Sing(ui)) >
δ
2
,
and consequently
Bδ/4(x) ⊂M \ Nδ/4(Sing(ui)),
for i sufficiently large. Appealing once more to the estimates of Lemma 4.2,
we then see that
ν(Bδ/4(x)) ≤ lim inf
i→∞
(2− pi)
∫
Bδ/4(x)
|αi|
pi
≤ lim
i→∞
(2− pi)
C(M,Λ)
δ2
= 0,
so that x /∈ spt(ν); and since x ∈M \ Σ was arbitrary, we therefore have
spt(ν) ⊂ Σ.
Next, for x ∈ Σ, we’ll show that
(5.13) Θ∗n−2(µ, x) ≥ 2π.
Indeed, if x ∈ Σ, then by definition there is a sequence xi ∈ Sing(ui) for
which
x = lim
i→∞
xi.
By Lemma 3.1, at each xi, we have
(5.14) lim
r→0
(2− pi)
∫
Br(xi)
|dui|
pi ≥ 2πc(n, pi),
where c(n, pi) → ωn−2 as pi → 2. In particular, fixing δ > 0 and appealing
to the monotonicity of the p-energy (Lemma 2.5), we conclude that
µ(Bδ(x)) ≥ lim inf
i→∞
µi(Bδ−δ2(xi))
≥ lim
i→∞
e−C(M)δ
2
2πc(n, pi)(δ − δ
2)n−pi
= e−C(M)δ
2
2πωn−2(δ − δ2)n−2.
Dividing through by ωn−2δn−2 and letting δ → 0, we arrive at the desired
lower bound (5.13).
Finally, since the difference
µ− ν = |h¯|2dvg
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clearly satisfies
lim
δ→0
δ2−n
∫
Bδ(x)
|h¯|2dvg = 0,
we see that (5.13) yields directly the desired density bound (5.12) for ν on
Σ. Moreover, it follows immediately from (5.12) that Σ ⊂ spt(ν), and since
we’ve already shown that spt(ν) ⊂ Σ, this completes the proof of (5.11) as
well. 
With the proof of Theorem 1.1 completed, we turn our attention now
to the proof of Theorem 1.2, concerning compactness of the maps. Suppose
that our sequence ui ∈W
1,pi(M,S1) either satisfies the additional bound
sup
i
‖dui‖L1(M) ≤ C,
or that the first Betti number b1(M) = 0. In either case, it follows that the
harmonic component hi of jui is uniformly bounded
(5.15) sup
i
‖hi‖L∞ ≤ C
as i → ∞. Together with the Lq estimates of Proposition 4.1, this implies
immediately that
lim sup
i→∞
‖dui‖Lq <∞
for any q ∈ [1, 2), so some subsequence of {ui} must converge weakly in
W 1,q(M,S1) to some limiting map v. Moreover, since (by Proposition 4.1)
the exact component dϕi of jui vanishes in L
q as i→∞, it follows that
d∗jui → 0
weakly as i→∞, so the map v must satisfy d∗jv = 0 distributionally.
Moreover, combining (5.15) with Lemma 4.2, it follows that, away from
any 0 < δ-neighborhood Nδ(Σ) of Σ, we have
lim sup
i→∞
∫
M\Nδ(Σ)
|dui|
2 <∞;
and putting this together with the local W 2,p estimate of Corollary 2.3, we
see that
lim sup
i→∞
‖ui‖W 2,pi(M\Nδ(Σ)) <∞.
Of course, for p > 2nn+2 , Rellich’s theorem gives us compactness of the em-
bedding W 2,p →֒ W 1,2; hence, since pi >
2n
n+2 for i sufficiently large, there
is indeed some subsequence of {ui} which converges strongly in W
1,2(M \
Nδ(Σ), S
1) to the limiting map v identified above. And since d∗jv = 0 and
v ∈W 1,2loc (M \Σ, S
1), it follows that v is indeed a strongly harmonic map in
C∞loc(M \ Σ, S
1).
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6. Integrality of the Concentration Measure in Dimension 2
By a simple blow-up argument, to establish the quantization result of
Theorem 1.3, it is enough to show the following: Let gi be a sequence of
metrics converging (in C∞, say) to the Euclidean one on the disk D2(0) ⊂
R
2 of radius 2, and let ui ∈ W
1,pi(M,S1) be a sequence of stationary pi-
harmonic maps (with respect to gi) for which Epi(ui,D2) ≤
Λ
2−pi as pi ↑ 2.
If the normalized energy measures µi = (2 − pi)|dui|
pidvolgi converge to a
multiple θδ0 of the Dirac mass at 0, then this multiple θ = 2πk for some
k ∈ N. For simplicity, we restrict ourselves here to the case in which each gi
is the flat metric, so that the main result of the section reads as follows:
Theorem 6.1. Let ui ∈ W
1,pi(D2(0), S
1) be a sequence of stationary pi-
harmonic maps from D2(0) for which
µi = (2− pi)|dui|
pi(z)dz → θδ0
weakly in (C0(D2(0)))
∗ as i→∞. Then θ ∈ 2πN.
Before diving in to the proof, we first note that one can easily follow the
arguments of the preceding sections to establish local versions of Theorems
1.1 and 1.2. (The estimates of Section 3 are already stated in local form, and
the estimates of Section 4 are easily adapted to suitable local variants of the
Hodge decomposition, like that which we employ later in this section in the
proof of Theorem 6.1.) In particular, for families of stationary p-harmonic
maps up ∈W
1,p(D2(0), S
1) on the disk D2(0), we have the following:
Proposition 6.2. Let ui ∈ W
1,pi(D2(0), S
1) be a sequence of stationary
pi-harmonic maps from D2(0) to S
1, for which
sup
i
∫
D2(0)
(2− pi)|dui|
pi <∞,
and
Sing(ui) ⊂ D1(0).
A subsequence of the measures µi = (2− pi)|dui|
pidvg then converges weakly
in (C0c (D2))
∗ to a measure µ of the form
µ = |dψ|2dvg +Σa∈Σθaδa,
where ψ is a harmonic function and Σ is given by the Hausdorff limit of
Sing(ui) in D1(0). Moreover, if
sup
i
‖dui‖L1(D2(0)) <∞,
then (a subsequence of) {ui} converges weakly inW
1,q(D3/2(0)) for q ∈ [1, 2)
and strongly in W 1,2loc (D3/2(0) \ Σ) to a map v ∈ C
∞(D3/2 \ Σ, S1) that is
harmonic away from Σ.
The first and most important step in the proof of Theorem 6.1 is con-
tained in the following result, which describes the limiting measure explicitly
when the maps ui converge to a limiting map v:
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Proposition 6.3. Let ui ∈ W
1,pi(D2(0), S
1) be as in Proposition 6.2, and
suppose also that
sup
i
‖dui‖L1(D2(0)) <∞.
Passing to a subsequence, let v be the limiting map v = limi ui given by
Proposition 6.2. Then the limiting measure µ has the form
µ = Σa∈Σ2π deg(v, a)2δa.
For p-energy minimizers with respect to a fixed boundary condition, this
result follows from the analysis of [18], in which case all of the degrees
deg(v, a) are either 1 or −1. It is also the immediate analog of the quanti-
zation result for 2-dimensional solutions of the Ginzburg-Landau equations
in [12], though the proof in our setting is much simpler.
The reason for the relative simplicity in our setting is the form of the
Pohozaev identity. In [12], on their way to demonstrating the quantization
of the energy measures µǫ =
|duǫ(z)|2
| log ǫ| dz, Comte and Mironescu appeal to
the quantization results of [4] and [7] for the potential measures W (uǫ(z))
ǫ2
dz.
These quantization results–though by no means trivial–can be derived in
a relatively straightforward way from a Pohozaev identity that relates the
integral of W (uǫ)
ǫ2
on a disk to the behavior of uǫ on its boundary. It is then
observed in [12] that the quantization of the potential measure gives strong
constraints on the way that the degrees of the maps uǫ can vary around
clusters of zeroes (or “vortices”) at different scales, which ultimately give
rise to the quantization of the energy measures µǫ.
In our setting, the path is much simpler, because the normalized p-
energy (2 − p)|du|p simultaneously plays the roles occupied by the energy
and potential measures in the Ginzburg-Landau setting. In particular, we
have the following nice Pohozaev-type identity:
Lemma 6.4. Let u ∈ W 1,p(D2(0), S
1) be stationary p-harmonic on D2(0).
On any annulus
Ar1,r2(a) = Dr2(0) \Dr1(0) ⊂ D2(0),
we then have∫ r2
r1
(∫
Dr(a)
(2− p)|du|p
)
dr =
∫
Ar1,r2 (a)
|z−a|(|du|p−p|du|p−2|du(
z − a
|z − a|
)|2)dz.
Proof. The identity is simply a repackaging of the monotonicity formula in
dimension two: By testing the inner variation equation∫
|du|pdiv(X) − p|du|p−2〈du∗du,∇X〉 = 0
against vector fields of the form X(z) = ψ(z)(z − a) for test functions ψ ∈
C∞c (Dr(a)) approximating the characteristic function χDr(a), we find that
(6.1)
∫
Dr(a)
(2− p)|du|p = r
∫
∂Dr(a)
(|du|p − p|du|p−2|du(
z − a
|z − a|
)|2
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for almost every r ∈ [r1, r2]. Integrating over [r1, r2] then gives the desired
equation. 
With this identity in hand, we can now argue in the spirit of [4],[7] to
prove Proposition 6.3:
Proof. (Proof of Proposition 6.3)
Let
Σ = {a1, . . . , ak},
so that the limiting map v(z) satisfies
d∗(jv) = 0 and T (jv) = Σkℓ=12πκℓδaℓ ,
where κℓ = deg(v, aℓ) denotes the degree of v about aℓ. Letting v¯ be the
map given by
v¯(z) := Πkℓ=1
(
z − aℓ
|z − aℓ|
)κℓ
,
we observe that
d∗jv¯ = 0 and T (jv¯) = T (jv),
so the difference jv − jv¯ is strongly harmonic. In particular, it follows that
(6.2) v = eiϕv¯
for some harmonic function ϕ ∈ C∞(D2(0)).
Now, set
δ0 := min{|aℓ − am| | 1 ≤ ℓ < m ≤ k},
so that the density θℓ of µ at aℓ is given by
µ(Dr(aℓ)) = θℓ
for every r ∈ (0, δ0). For any δ ∈ (0, δ0), it then follows from Lemma 6.4
that
θℓ =
2
δ
∫ δ
δ/2
µ(Dr(aℓ))dr
=
2
δ
lim
i→∞
∫ δ
δ/2
µi(Dr(aℓ))dr
=
2
δ
lim
i→∞
∫
Aδ/2,δ(aℓ)
|z − aℓ|(|dui|
p − pi|dui|
pi−2|dui(
z − aℓ
|z − aℓ|
)|2)dz.
On the other hand, we also know that ui → v strongly in W
1,2(Aδ/2,δ(aℓ))
and ‖dui‖L∞(Aδ/2,δ(aℓ)) is uniformly bounded as i→∞, so it follows that
θℓ =
2
δ
lim
i→∞
∫
Aδ/2,δ(aℓ)
|z − aℓ|(|dui|
p − pi|dui|
pi−2|dui(
z − aℓ
|z − aℓ|
)|2)dz
=
2
δ
∫
Aδ/2,δ(aℓ)
|z − aℓ|(|dv|
2 − 2|dv(
z − aℓ
|z − aℓ|
)|2dz.
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Since v = eiϕv¯, we can expand dv as
dv(z) = v(z) · (idϕ +Σkℓ=1κℓ
z − aℓ
|z − aℓ|2
P⊥z−aℓ),
where for 0 6= w ∈ R2 we denote by P⊥w projection onto the line perpendicu-
lar to w. In particular, if z ∈ Dδ(aℓ) for δ <
δ0
2 , then |z− am| > δ0 − δ >
δ0
2
for every m 6= ℓ, and it follows that
|dv(z) − κℓ
z − aℓ
|z − aℓ|2
P⊥z−aℓ | ≤ ‖dϕ‖L∞ +Σm6=ℓ
2|κm|
δ0
=: K.
Combining this with the obvious estimate
|dv(z)| ≤
K ′
|z − aℓ|
on Dδ(aℓ)
(where K ′ of course depends on v), we see that, on Dδ(aℓ),
(6.3) ||dv(z)|2 −
κ2ℓ
|z − aℓ|2
| ≤
K ′′
|z − aℓ|
and
(6.4) |dv(
z − aℓ
|z − aℓ|
)|2 ≤
K ′′
|z − aℓ|
.
In particular, on the annulus Aδ/2,δ(aℓ), since∫
Aδ/2,δ(aℓ)
|z − aℓ|
κ2ℓ
|z − aℓ|2
= πκ2ℓδ,
we can apply the preceding estimates to our computation of θℓ to conclude
that
|θℓ − 2πκ
2
ℓ | = |
2
δ
∫
Aδ/2,δ(aℓ)
|z − aℓ|(|dv|
2 −
κ2ℓ
|z − aℓ|2
− 2|dv(
z − aℓ
|z − aℓ|
)|2)dz
≤
2
δ
∫
Aδ/2,δ(aℓ)
|z − aℓ|
K ′′
|z − aℓ|
= 2πK ′′δ.
Since δ > 0 was arbitrary, it follows finally that
θℓ = 2πκ
2
ℓ ,
which is precisely what we wanted to show. 
Combining Proposition 6.3 with a simple contradiction argument, and
scaling, we can formulate the following lemma:
Corollary 6.5. For any γ > 0 and Λ < ∞, there exists q(γ,Λ) ∈ (1, 2)
such that if p > q, and u ∈W 1,p(D2r(x), S
1) is stationary p-harmonic with
(6.5) (2− p)θp(u, x, 2r) +
1
r
∫
D2r(x)
|du| ≤ Λ
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and Sing(u) ∩D2r(x) ⊂ Dr(x), then
(6.6) dist((2 − p)θp(u, x, r), 2πZ) < γ.
We now remove the requirement of a uniform W 1,1 bound by arguing
that, in the general setting of Theorem 6.1, the normalized energy measures
µi are negligible on the complement of a collection of disks satisfying the
conditions of Corollary 6.5.
Proof. (Proof of Theorem 6.1)
Let ui ∈W
1,pi(D2(0), S
1) be a sequence of stationary pi-harmonic maps
as given, with
µi → θδ0,
and
Epi(ui,D2(0)) ≤
Λ
2− pi
.
We consider now a local version of the Hodge decomposition of Section 4;
choosing some cutoff function χ ∈ C∞c (D7/4(0)) such that χ ≡ 1 on D5/4(0),
we define
ξi := − ∗∆
−1(χT (ui)) = −〈(χT (ui))(y), G(x, y)〉dx1 ∧ dx2
and
ϕi := ∆
−1(χdiv(jui)) = 〈χdiv([1 − |jui|p−2]jui)(y), G(x, y)〉,
where G(x, y) = −12π log |x− y| is the two-dimensional Green’s function.
Writing
hi = jui − d
∗ξi − dϕi,
we see that (distributionally)
div(hi) = (1− χ)div(jui) = 0
and
d∗dhi = d∗([1− χ]T (ui)).
In particular, hi is harmonic on the disk D5/4(0) (where χ ≡ 1), and it
follows that
(6.7) ‖hi‖L∞(D1/2(0)) ≤ C‖hi‖Lpi (D1(0)\D3/4(0)).
Next, consider the (2− pi)
1/pi-neighborhoods
Ui := N(2−pi)1/pi (Sing(ui))
about the singular sets Sing(ui). Our goal now is to show that
(6.8) lim
i→∞
µi(D1/2(0) \ Ui) = 0,
and that Ui is contained in a finite union of disks satisfying the hypotheses
of Corollary 6.5. To this end, we first observe that, by Corollary 3.4 and
Lemma 8.2 of the appendix, ∇ξ satisfies the pointwise bound
(6.9) |∇ξi|(x) ≤
C
dist(x, Sing(ui))
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for x ∈ D1(0). Putting this together with the volume estimate of Lemma
3.2, we find that∫
D1/2(0)\Ui
|∇ξi|
pi ≤ Σ
⌊ 1
pi
| log2(2−pi)|⌋
j=1
∫
N
2−j
(Sing(ui))\N2−j−1 (Sing(ui))
|dui|
pi
≤ Σ
⌊ 1
pi
| log2(2−pi)|⌋
j=1 C2
−jpi · 2(j+1)pi ,
and therefore
(6.10)
∫
D1/2(0)\Ui
|∇ξi|
pi ≤ C| log(2− pi)|.
For dϕi, the arguments in the proofs of Proposition 4.1 and Lemma 4.2
again yield the local estimates
(6.11) ‖ϕi‖W 1,q(D1(0)) ≤ C(q)(2− pi)
1−1/pi | log(2− pi)|
for q ∈ (1, pi) and
(6.12) ‖(2− pi)
1/pidϕi‖
2
L2(D1(0)\Ui) ≤ C(2− pi)
2−2/pi | log(2− pi)|2,
respectively. In particular, rearranging (6.12) and recalling that (2− pi)
pi−2
is uniformly bounded as i→∞, we see that
(6.13)
∫
D1(0)\Ui
|dϕi|
2 ≤ C| log(2− pi)|
2.
Now, to estimate hi, we observe that
‖hi‖Lpi (D1(0)\D3/4(0)) ≤ ‖dui‖Lpi (D1(0)\D3/4(0)) + ‖d
∗ξi‖Lpi (D1(0)\D3/4(0))
+‖dϕi‖Lpi (D1(0)\D3/4(0))
≤ (2− pi)
−1/piµi(D1(0) \D3/4(0))1/pi + ‖d∗ξi‖Lpi (D1(0)\Ui)
+‖dϕi‖Lpi (D1(0)\D3/4(0))
≤ (2− pi)
−1/piµi(D1(0) \D3/4(0))1/pi + C| log(2− pi)|2/pi .
Since µ = limµi vanishes on compact subsets of D1(0) \ {0} by assumption,
it then follows that
‖hi‖Lpi (D1(0)\D3/4(0)) = o(
1
2− pi
);
and by (6.7), we therefore have
(6.14) ‖h‖piL∞(D1/2(0))
≤
δi
2− pi
,
where limi→∞ δi = 0.
34 DANIEL L. STERN
Putting together the estimates (6.10), (6.13), and (6.14), we see finally
that
lim
i→∞
µi(D1/2(0) \ Ui) = lim
i→∞
(2− pi)
∫
D1/2(0)\Ui
|dui|
pi
≤ C lim sup
i→∞
∫
D1/2(0)\Ui
(2− pi)[|d
∗ξi|pi + |dϕi|pi + |hi|pi ]
≤ C lim sup
i→∞
((2− pi)| log(2− pi)|
2 + δi)
= 0,
confirming (6.8).
Next, as in the proof of Lemma 3.2, we know from a simple Vitali
covering argument that
Ui ⊂
ki⋃
ℓ=1
D3(2−pi)1/pi (x
i
ℓ)
for some xi1, . . . , x
i
ki
∈ Sing(ui) such that
D(2−pi)1/pi (x
i
ℓ) ∩D(2−pi)1/pi (x
i
m) = ∅ when ℓ 6= m,
and it follows from Proposition 3.1 that
[(2− pi)
1/pi ]pi−2µi(Ui) ≥ 2πki.
In particular, ki is uniformly bounded independent of i, so passing to a
subseqence, we can take ki = k to be constant. Moreover, setting
αiℓm := (2− pi)
−1/pidist(xiℓ, x
i
m),
we can pass to a further subsequence for which the (possibly infinite) limits
αℓm = lim
i→∞
αiℓm
exist. Relabeling indices if necessary, there is then some m0 ≤ k such that
αℓm =∞ for 1 ≤ ℓ < m ≤ m0,
and for every m > m0, there is some 1 ≤ ℓ ≤ m0 for which αℓm <∞.
Now, let
A := max({3} ∪ {2αℓm | αℓm <∞}),
ri := A(2− pi)
1/pi ,
and for 1 ≤ ℓ ≤ m0, define the disks
Di,ℓ := Dri(x
i
ℓ).
For i sufficiently large, we then see that
Ui ⊂ Di,1 ∪ · · · ∪Di,m0 , Di,ℓ ∩Di,m = ∅ if ℓ 6= m,
and
Sing(ui) ∩D2ri(x
i
ℓ) ⊂ Dri(x
i
ℓ).
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In particular, since
(6.15) lim sup
i→∞
(2− pi)θpi(ui, x
i
ℓ, 2ri) ≤ 2θ <∞
by the monotonicity formula, our disks will satisfy the conditions of Corol-
lary 6.5 for some Λ, once we show that
(6.16) lim sup
i→∞
r−1i ‖dui‖L1(D2ri (xiℓ)) <∞.
To establish (6.16), we consider separately the components hi, dϕi, and
d∗ξi of the local Hodge decomposition. For hi, we have seen already that
‖hi‖L∞ ≤ δ
1/pi
i (2− pi)
−1/pi ≤ δ1/pii Ar
−1
i ,
where δi → 0, so that
(6.17) r−1i
∫
D2ri(x
i
ℓ)
|hi| ≤ δ
1/pi
i Ar
−2
i · 4πr
2
i ≤ 1
for i sufficiently large. For dϕi, recall that, for q < pi,
‖dϕi‖Lq(D1(0)) ≤ C(q)(2− pi)
1−1/pi | log(2− pi)|,
so that
r−1i
∫
D2ri (x
i
ℓ)
|dϕi| ≤ r
−1
i ‖dϕi‖Lq(D1(0))(4πr
2
i )
1−1/q
≤ r−1i C(q)(2− pi)
1−1/pi | log(2− pi)|r
2−2/q
i
≤ C(q)A1−2/q(2− pi)1−2/(piq)| log(2− pi)|.
For i sufficiently large, we can take pi > q =
3
2 in the estimate above, to
obtain
lim sup
i→∞
r−1i
∫
D2ri (x
i
ℓ)
|dϕi| ≤ C(q)A
1−2/q lim
i→∞
(2− pi)
1−8/9| log(2− pi)|
= C lim
i→∞
(2− pi)
1/9| log(2− pi)|
= 0.
Next, employing the pointwise gradient estimate (6.10) for ξi with
Lemma 3.2, we see that
r−1i
∫
D2ri (x
i
ℓ)
|d∗ξi| ≤ r−1i
∫
N2ri (Sing(ui))
|d∗ξ|
= r−1i Σ
∞
j=0
∫
N
21−jri
(Sing(ui))\N2−jri (Sing(ui))
|d∗ξ|
( by (6.10) ) ≤ r−1i Σ
∞
j=0
∫
N
21−jri
(Sing(ui))\N2−jri (Sing(ui))
C
2−jri
( by Lemma 3.2 ) ≤ r−1i Σ
∞
j=0
C
2−jri
· C(21−jri)pi
≤ Crpi−2i Σ
∞
j=0(2
1−pi)j .
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And since
Σ∞j=0(2
1−pi)j =
2pi
2pi − 2
→ 2
and
rpi−2i = A
pi−2(2− pi)
pi−2
pi → 1
as i→∞, it follows that
(6.18) lim sup
i→∞
r−1i
∫
D2ri (x
i
ℓ)
|d∗ξi| <∞.
Combining this with the preceding estimates for hi and dϕi, we see that
(6.16) indeed holds.
Finally, letting
Λ := 1 + max
1≤ℓ≤m0
lim sup
i→∞
[(2− pi)θpi(ui, x
i
ℓ, 2ri) + r
−1
i
∫
D2ri(x
i
ℓ)
|dui|],
and choosing an arbitrary γ > 0, it follows from Corollary 6.5 that for i
sufficiently large,
(6.19) dist((2− pi)θpi(ui, x
i
ℓ, ri), 2πZ) < γ;
in particular, we deduce that
(6.20) lim sup
i→∞
dist((2− pi)Σ
m0
ℓ=1θpi(ui, x
i
ℓ, ri), 2πZ) = 0.
Now, by the disjointness of the disks {Di,ℓ}
m0
ℓ=1, we know that
(2− pi)Σ
m0
ℓ=1θpi(ui, x
i
ℓ, ri) = r
pi−2
i µi(
m0⋃
ℓ=1
Di,ℓ),
and since limi→∞ r
pi−2
i = 1, it follows that
lim
i→∞
(2− pi)Σ
m0
ℓ=1θpi(ui, x
i
ℓ, ri) = lim
i→∞
µi(
m0⋃
ℓ=1
Di,ℓ).
On the other hand, since the disks Di,ℓ cover Ui, we know from (6.8) that
lim
i→∞
µi(D1/2(0)) = lim
i→∞
(µi(D1/2(0) \
⋃
ℓ
Di,ℓ) + µi(
⋃
ℓ
Di,ℓ))
= lim
i→∞
µi(
⋃
ℓ
Di,ℓ)
= lim
i→∞
(2− pi)Σ
m0
ℓ=1θpi(ui, x
i
ℓ, ri).
By (6.20), it then follows that
θ = lim
i→∞
µi(D1/2(0)) ∈ 2πN,
as desired. 
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Remark 6.6. In higher dimensions, one would like to show, analogously, that
for a sequence ui ∈ W
1,pi(Bn2 (0), S
1) of stationary pi-harmonic maps with
energy concentrating along an (n − 2)-plane Ln−2, the limiting measure µ
must have the form
µ = 2πm · Hn−2⌊L
for some m ∈ N. As in the proof of Theorem 6.1, it is possible to reduce the
problem to the case where the maps ui converge away from L, but for the
moment we have no higher-dimensional analog of Proposition 6.3.
In particular, if one na¨ıvely attempts to generalize the Pohozaev iden-
tity to this setting (for instance, by testing the component of the position
vector field perpendicular to L in the inner variation equation), the L com-
ponents |dui(L)| of the derivatives of ui invariably get in the way. And while
it is easy to see that (2− pi)
∫
|dui(L)|
pi → 0 under these assumptions, one
would need the much stronger vanishing
∫
|dui(L)|
pi → 0 for the arguments
of this section to work. We are nonetheless optimistic about the prospect
of extending the integrality result to higher dimensions, but a proof will
undoubtedly require some interesting new ideas.
7. Natural Min-Max Constructions
7.1. Generalized Ginzburg-Landau Functionals.
LetMn andN be compact Riemannian manifolds, with N isometrically
embedded in some Euclidean space RL. For 1 < p ≤ n and ǫ > 0, Wang
studies in [35] the generalized Ginzburg-Landau functionals
Ep,ǫ :W
1,p(M,RL)→ R
given by
Ep,ǫ(u) =
∫
M
(|du|p + ǫ−pF (u)),
where the function F : RL → R has the form F (y) = λ(dist(y,N)2) for a
function λ ∈ C∞(R) satisfying λ′ ≥ 0, λ′′ ≥ 0.
λ(t) = t for t ≤ δ2N , and λ(t) = 4δ
2
N for t ≥ 4δ
2
N ,
(Here, δN > 0 is chosen such that nearest-point projection to N is well-
defined and smooth on the 2δN -neighborhood of N [35].) Thus, as ǫ → 0,
the potential term in the energies Ep,ǫ penalizes deviation from the target
manifold N , while for N -valued maps u, one simply recovers the p-energy
Ep,ǫ(u) = Ep(u).
For p = 2, the ǫ→ 0 asymptotics of bounded-energy critical points and
negative gradient flows of these functionals had previously been studied in
[9], [10], [25] as regularizations of harmonic maps and harmonic map heat
flows. While in the p = 2 setting one encounters the familiar bubbling phe-
nomena that arise in the study of harmonic maps, for p /∈ N, Wang demon-
strates that (much like Proposition 2.6 for p-harmonic maps), bounded-
energy sequences of critical points enjoy a strong compactness property:
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Theorem 7.1. ([35] Theorem A, Corollary B) If p ∈ (1, n) \ N, and {uǫi}
is a sequence of critical points for Ep,ǫi with ǫi → 0 and
(7.1) sup
i
Ep,ǫi(uǫi) <∞,
then a subsequence of {uǫi} converges strongly in W
1,p(M,RL) to a station-
ary p-harmonic map u ∈W 1,p(M,N).
As a consequence, for p ∈ (1, n) \ N, the functionals Ep,ǫ are naturally
suited to the construction of stationary p-harmonic maps via min-max meth-
ods, in light of the following elementary fact:
Lemma 7.2. The generalized Ginzburg-Landau energy Ep,ǫ is a C
1 func-
tional on W 1,p(M,RL), with derivative
〈E′p,ǫ(u), v〉 =
∫
M
p〈|du|p−2du, dv〉 + ǫ−p〈DF (u), v〉,
and satisfies the following Palais-Smale condition: if uj ∈W
1,p(M,RL) is a
sequence satisfying
(7.2) sup
j
‖uj‖W 1,p ≤ C <∞
and
(7.3) lim
j→∞
‖E′p,ǫ(u)‖(W 1,p)∗ = 0,
then {uj} has a subsequence that converges strongly in W
1,p.
Proof. The first statement is trivial. The proof of the Palais-Smale condition
is also quite standard, but we include it for completeness:
For a sequence {uj} satisfying (7.2), we know from Rellich’s theorem that
a subsequence (which we continue to denote by {uj}) converges weakly in
W 1,p and strongly in Lp to a limiting function u ∈ W 1,p. To confirm that
the convergence is also strong in W 1,p, it is enough to show that
(7.4) ‖du‖Lp ≥ lim sup
j
‖duj‖Lp .
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And indeed, if the {uj} also satisfies (7.3), then we see that
0 = lim
j→∞
‖uj − u‖W 1,p‖E
′
p,ǫ(uj)‖(W 1,p)∗
≥ lim sup
j→∞
〈E′p,ǫ(uj), uj − u〉
= lim sup
j→∞
p
∫
M
(|duj |
p − 〈|duj |
p−2duj , du〉)
+ lim sup
j→∞
∫
M
〈DF (uj), uj − u〉
( since uj → u strongly in L
p ) = p lim sup
j→∞
∫
M
(|duj |
p − 〈|duj |
p−2duj , du〉)
≥ lim sup
j→∞
‖duj‖
p
Lp − ‖duj‖
p−1
Lp ‖du‖Lp ,
from which (7.4) follows, completing the proof. 
In the remainder of this section, we employ a simple min-max construc-
tions for the energies Ep,ǫ for N = S
1 and p ∈ (1, 2), with arguments very
similar to those of [32], to prove Theorem 1.4 of the introduction. Though
we focus here on p-harmonic maps to S1 with p ∈ (1, 2), we remark that
the following construction (though not the specific energy bounds) can be
generalized to produce nontrivial stationary p-harmonic maps from mani-
folds of dimension n ≥ k into arbitrary targets N with πk−1(N) 6= ∅, for
p ∈ (1, k) \ N. A detailed study of this general construction is beyond the
scope of this paper, but may be an interesting direction for further investi-
gation.
7.2. The Saddle Point Construction and an Upper Bound for the
Energies.
We restrict ourselves now to the case where our target manifold N is
S1, embedded in R2 as the boundary of the unit disk D1(0), and consider
the collection Γp(M) of two-parameter families y 7→ hy ∈W
1,p(M,R2) given
by
(7.5) Γp(M) := {h ∈ C
0(D21,W
1,p(M,R2)) | hy ≡ y for y ∈ S
1}.
For p ∈ (1, 2) and ǫ > 0, we define the min-max energy levels cp,ǫ by
(7.6) cp,ǫ(M) := inf
h∈Γp(M)
max
y∈D21
Ep,ǫ(hy),
and the limiting energy levels
(7.7) cp(M) := sup
ǫ>0
cp,ǫ(M) = lim
ǫ→0
cp,ǫ(M).
Now, we’ve observed that Ep,ǫ is a C
1 functional on W 1,p(M,R2),
which evidently vanishes on the circle of constant maps to S1. Thus, if we
can show that cp,ǫ(M) > 0, then we can apply the Saddle Point Theorem of
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Rabinowitz (see, e.g., Chapter 3 of [15], Chapter 4 of [29]) to conclude that
for any minimizing sequence of families
hj ∈ Γp(M), max
y∈D21
Ep,ǫ(h
j
y)→ cp,ǫ(M),
there exists a sequence vj ∈W
1,p(M,R2) for which
(7.8) lim
j→∞
Ep,ǫ(vj) = cp,ǫ(M), lim
j→∞
‖E′p,ǫ(u)‖(W 1,p)∗ = 0,
and
(7.9) lim
j→∞
distW 1,p(vj , h
j(D21)) = 0.
Moreover, since we can deform any minimizing sequence of families hj to
one whose maps take values in the unit disk by applying a retraction, we
can obtain in this way a sequence vj satisfying (7.8) and a uniform bound
sup
j
‖vj‖W 1,p <∞.
In particular, it will then follow from Lemma 7.2 that there is indeed a
critical point up,ǫ of Ep,ǫ with energy
Ep,ǫ(up,ǫ) = cp,ǫ(M).
To check that cp,ǫ(M) > 0, we follow the same standard arguments as
in [32]. Namely, for any h ∈ Γp(M), we note that the averaging map
D21 ∋ y 7→
1
V ol(M)
∫
M
hy ∈ R
2
defines a continuous map from D21 → R
2 which restricts to the identity on
S1, so that by elementary degree theory, there must be some y0 ∈ D
2
1 for
which
∫
M hy0 = 0. Now, the L
p Poincare´ inequality gives us a constant
Cp(M) such that ∫
M
|v|p ≤ Cp(M)
∫
M
|dv|p
whenever
∫
M v = 0, so by the preceding observation, for any h ∈ Γp(M),
there is some y0 ∈ D
2
1 for which v = hy0 satisfies
Ep,ǫ(v) ≥ Cp(M)
−1
∫
M
|v|p +
∫
M
ǫ−pF (v)
= Cp(M)
−1
∫
{|v|≥ 1
2
}
|v|p +
∫
{|v|≤ 1
2
}
ǫ−pF (v)
≥ Cp(M)
−12−pV ol({|v| ≥
1
2
}) + ǫ−pV ol({|v| <
1
2
})δ0,
where we’ve set δ0 := min{F (y) | |y| ≤
1
2} > 0. In particular, since
V ol({|v| ≥
1
2
}) + V ol({|v| <
1
2
) = V ol(M),
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it follows that, for ǫ < 1,
max
y∈D21
Ep,ǫ(hy) ≥ Ep,ǫ(hy0) ≥ δ(p,M) > 0
for any family h ∈ Γp(M). Taking the infimum over h ∈ Γp(M), we confirm
that
cp,ǫ(M) ≥ δ(p,M) > 0.
In summary, we’ve so far established that
Lemma 7.3. For p ∈ (1, 2) and ǫ ∈ (0, 1), there exists a critical point
up,ǫ ∈W
1,p(M,R2) of Ep,ǫ satisfying
Ep,ǫ(up,ǫ) = cp,ǫ(M) ≥ δ(p,M) > 0.
Next, we will establish an upper bound for the limiting energy levels
cp(M) = supǫ>0cp,ǫ(M): namely, we show that
Claim 7.4. There exists C(M) <∞ independent of p such that
(7.10) cp(M) ≤
C(M)
2− p
.
The finiteness of cp(M) will then allow us to apply Theorem 7.1 to de-
duce the existence of a corresponding stationary p-harmonic map, while the
boundedness of (2− p)cp(M) will provide the upper bound in Theorem 1.4.
Proof. Again, the proof is very close to that of the analogous statement in
Section 4 of [32], albeit somewhat simpler, since in this case we can produce
a single family h lying in Γp(M) for every p ∈ (1, 2) and satisfying a bound
(7.11) max
y∈D21
Ep,ǫ(hy) ≤
C(M)
2− p
of the desired form.
For y ∈ D21 \ S
1, define vy ∈
⋂
p∈[1,2)W
1,p(R2, S1) by
(7.12) vy(z) =
z + (1− |y|)−1y
|z + (1− |y|)−1y|
,
and set vy ≡ y for y ∈ S
1. Fix also a triangulation of Mn–that is, choose a
bi-Lipschitz map Φ :M → |K| fromM to the underlying space of a simplicial
complex K in some Euclidean space RL. Applying a generic rotation, we
can arrange that the projection map P from RL to the plane R2× 0 has full
rank on the n-dimensional subspace parallel to each n-dimensional simplex
∆ ∈ K. Denoting by f ∈ Lip(M,R2) the composition
f(x) = (Φ1(x),Φ2(x))
of the projection P : RL → R2 × 0 with Φ :M → RL, we define the family
(7.13) hy := vy ◦ f.
42 DANIEL L. STERN
Our task now is to show that y 7→ hy defines a continuous map D
2
1 →
W 1,p(M,R2), satisfying (7.11). First, since Φ is bi-Lipschitz and K is finite,
we observe that it is enough to establish this for the family
Fy := vy ◦ P |∆
on each n-dimensional face ∆ ∈ K. And since we’ve also chosen K such that
the restriction P∆ of the projection map to ∆ has full rank, we can write
P |∆ = P0 ◦ L,
where L : ∆→ ∆′ ⊂ Rn is an invertible affine-linear map, and P0 : Rn → R2
is simply the projection
P0(x
1, . . . , xn) = (x1, x2)
onto the first two coordinates. In particular, it is enough to show that on a
bounded domain Ω ⊂ Rn, the family
y 7→ Fy(x) = vy(x
1, x2)
is continuous in W 1,p for each p ∈ (1, 2), and satisfies
(7.14) max
y∈D21
Ep,ǫ(Fy) ≤
CΩ
2− p
.
This is straightforward. By direct computation, the energy Ep,ǫ of Fy
on Ω satisfies
Ep,ǫ(Fy) =
∫
(z,x′)∈(R2×Rn−2)∩Ω
|z + (1− |y|)−1y|−pdzdx′
≤
∫
x′∈P0(Ω)
2π
2− p
diam(Ω)2−pdx′
≤
Cndiam(Ω)
n−p
2− p
.
Thus, (7.14) holds, and we see moreover that the energy y 7→ Ep,ǫ(Fy) varies
continuously in y. Since the family y 7→ Fy is obviously weakly continuous
in W 1,p(Ω, S1), it follows that y 7→ Fy is strongly continuous as well.
We conclude finally that the families y 7→ hy defined by (7.13) indeed
belong to Γp(M), and satisfy
max
y∈D21
Ep,ǫ(hy) ≤
C(M)
2− p
,
where the constant C(M) is determined by our choice of triangulation Φ :
M → |K|. In particular, it follows that
cp,ǫ(M) ≤
C(M)
2− p
for every ǫ > 0, and taking the supremum over ǫ > 0, we therefore have
(7.15) cp(M) ≤
C(M)
2− p
,
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as desired. 
Since cp(M) < ∞, we can apply Theorem 7.1 to the min-max critical
points up,ǫ of Lemma 7.3, to conclude that
Proposition 7.5. On every compact Riemannian manifold Mn of dimen-
sion n ≥ 2, there exists for every p ∈ (1, 2) a stationary p-harmonic map
up ∈W
1,p(M,S1) to S1 of energy
0 < Ep(u) = cp(M) ≤
C(M)
2− p
.
7.3. Lower Bounds for cp(M).
To complete the proof of Theorem 1.4, it remains to show that the
min-max energies cp(M) satisfy a lower bound of the form
(7.16) cp(M) ≥
c(M)
2− p
.
To achieve this, we argue as in Section 3 of [32], with Proposition 3.1 tak-
ing on the role played by the η-ellipticity theorem in the Ginzburg-Landau
setting.
We begin by observing that (7.16) holds for the round sphere. As
discussed in the proof of Proposition 3.1, since b1(S
n) = 0, every nontriv-
ial weakly p-harmonic map u ∈ W 1,p(Sn, S1) must have singularities. In
particular, the stationary p-harmonic maps up of energy cp(M) > 0 con-
structed above must have nontrivial singular set, and from Proposition 3.1
and monotonicity, it indeed follows that
(7.17) lim inf
p→2
(2− p)cp(S
n) = lim inf
p→2
(2− p)Ep(up) > 0.
The estimate for arbitrary Mn is then an easy consequence of the following
claim:
Claim 7.6. There is a constant C(Mn) <∞ such that
(7.18) cp,ǫ(S
n) ≤ C(M)cp,ǫ(M)
for every p ∈ (1, 2) and ǫ > 0.
Proof. We will construct a bounded linear map Φ :W 1,p(M,R2)→W 1,p(Sn,R2)
that fixes the constant maps and satisfies
Ep,ǫ(Φ(u)) ≤ C(M)Ep,ǫ(u)
for all u ∈ W 1,p(M,R2) and p ∈ (1, 2). For any family h ∈ Γp(M), we then
see that Φ ◦ h defines a family in Γp(S
n), so that
cp,ǫ(S
n) ≤ max
y
Ep,ǫ(Φ(hy)) ≤ C(M)max
y
Ep,ǫ(hy),
and taking the infimum over h ∈ Γp(M) gives (7.18).
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We construct this map Φ as follows. First, denote by Sn+ the north-
ern hemisphere Sn+ = {(x
1, . . . , xn+1) ∈ Sn | xn+1 ≥ 0}, and consider the
reflection map
R :W 1,p(Sn+,R
2)→W 1,p(Sn,R2)
given by
(Ru)(x1, . . . , xn+1) = u(x1, . . . , xn, |xn+1|).
R is clearly a bounded linear map which fixes the constants, and has the
effect of doubling Ep,ǫ–i.e.,
Ep,ǫ(Ru, S
n) = 2Ep,ǫ(u, S
n
+)
for every u ∈W 1,p(Sn+).
Next, since Sn+ is a topological ball, we can choose some smooth f :
Sn+ →֒ M which is a diffeomorphism onto its image. Fixing such an f , we
see that the pullback map
Pf : W
1,p(M,R2)→ W 1,p(Sn+,R
2)
given by
(Pfu) = u ◦ f
is another bounded linear map that fixes the constant maps, and satisifies
Ep,ǫ(Pfu, S
n
+) ≤ C(M)Ep,ǫ(u,M).
In particular, taking Φ := R◦Pf gives a map Φ :W
1,p(M,R2)→W 1,p(Sn,R2)
satisfying the desired properties, confirming the claim. 
Finally, taking the supremum over ǫ > 0 in (7.18), we see that
cp(S
n) ≤ C(M)cp(M).
Combining this with (7.17), it follows finally that
(7.19) lim inf
p→2
(2− p)cp(M) ≥ C(M)
−1 lim inf
p→2
(2− p)cp(S
n) > 0,
as desired. In particular, putting this together with the conclusion of Propo-
sition 7.5, we arrive finally at the result of Theorem 1.4.
8. Appendix
8.1. Proof of Proposition 2.2.
In this short section, we demonstrate the independence from the param-
eter p ∈ [32 , 2] of some standard estimates for p-harmonic functions (namely,
the W 1,∞ and W 2,p estimates discussed in Proposition 2.2). This is simply
a matter of keeping track of p in the estimates of [14] and [22], but we give
some details in the interest of completeness.
Let B2(x) be a geodesic ball in a manifold M
n satisfying the sectional
curvature bound
|sec(M)| ≤ k,
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and let ϕ ∈W 1,p(B2(x),R) be a p-harmonic function on B2(x) for p ∈ [
3
2 , 2].
Recall that, by the convexity of the p-energy functional, ϕ must be the
unique minimizer for the p-energy with respect to its Dirichlet data.
For ǫ > 0, we consider as in [22] the perturbed p-energy functionals
Fǫ(ψ) =
∫
(ǫ+ |dψ|2)p/2,
and let ϕǫ ∈ W
1,p(B2(x)) minimize Fǫ(ψ) with respect to the condition
ψ − ϕ ∈W 1,p0 (B2(x)). Setting
γǫ := (ǫ+ |dϕǫ|
2)1/2,
we then have that
(8.1) div(γp−2ǫ dϕǫ) = 0,
and by standard results on quasilinear equations of this form (see, e.g.,
Chapter 4 of [21]), it follows that ϕǫ is a smooth, classical solution of (8.1).
Moreover, since ϕ is the unique p-energy minimizer with respect to its Dirich-
let data, we know that ϕǫ → ϕ strongly in W
1,p(B2) as ǫ → 0. The task
now (as in [14], [22]) is to establish estimates of the form given in (2.2) for
the perturbed solutions ϕǫ, and pass them to the limit ǫ→ 0.
As in [22], we observe now that, for ϕǫ solving (8.1), the energy density
γpǫ satisfies the divergence-form equation
(8.2) div(Aǫ∇(γ
p
ǫ )) = pγ
p−2
ǫ [〈Aǫ,Hess(ϕǫ)
2〉+Ric(dϕǫ, dϕǫ)],
where Hess(ϕǫ)
2 denotes the composition
Hess(ϕǫ)
2(X,Y ) = tr(Hess(ϕǫ)(X, ·)Hess(ϕǫ)(Y, ·)),
and
(8.3) Aǫ := I + (p − 2)γ
−2
ǫ dϕǫ ⊗ dϕǫ.
In particular, it follows that
(8.4) div(Aǫ∇(γ
p
ǫ )) ≥ p(p− 1)γ
p−2
ǫ |Hess(ϕǫ)|
2 − C(n, k)γpǫ .
Now, since |∇γǫ| ≤ |Hess(ϕǫ)|, when we integrate (8.4) against a test
function ψ ∈ C∞c (B2(x)) with ψ ≡ 1 on B1(x) and |∇ψ| ≤ 2, we find that∫
ψ2p(p− 1)γp−2ǫ |Hess(ϕǫ)|
2 ≤
∫
2ψ|dψ|γp−1ǫ |∇γǫ|+ C(k, n)γ
p
ǫ
≤
∫
B2
4γp/2ǫ (ψγ
p−2
2
ǫ |Hess(ϕǫ)|) + C(k, n)γ
p
ǫ ,
and an application of Young’s inequality yields
(8.5) p(p− 1)
∫
ψ2γp−2ǫ |Hess(ϕǫ)|
2 ≤
C(k, n)
(p− 1)
∫
B2
γpǫ .
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In particular, since Ho¨lder’s inequality gives∫
B1
|Hess(ϕǫ)|
p ≤
(∫
B1
γp−2ǫ |Hess(ϕǫ)|
2
)p/2(∫
γpǫ
) 2−p
2
,
it follows that
‖dϕǫ‖
p
W 1,p(B1)
≤
C(k, n)
(p− 1)2
∫
B2
γpǫ ,
and since p ∈ [32 , 2], we can rewrite this as
(8.6) ‖dϕǫ‖
p
W 1,p(B1)
≤ C(k, n)
∫
B2
γpǫ .
To obtain L∞ estimates for γǫ, we can apply Moser iteration to (8.4).
Since the eigenvalues of
Aǫ = I + (p − 2)γ
−2
ǫ dϕǫ ⊗ dϕǫ
are bounded between p − 1 and 1, and we are working with p ∈ [32 , 2], it is
easy to see that the resulting estimate has the desired form
(8.7) ‖dϕǫ‖
p
L∞(B1)
≤ ‖γǫ‖
p
L∞(B1)
≤ C(k, n)
∫
B2
γpǫ .
Finally, since ϕǫ → ϕ strongly in W
1,p(B2(x)), we have that
lim
ǫ→0
∫
B2
γpǫ =
∫
B2
|dϕ|p,
and it follows from (8.7) and (8.6) that
(8.8) ‖dϕ‖pL∞(B1) ≤ lim infǫ→0
‖dϕǫ‖
p
L∞(B1)
≤ C(k, n)
∫
B2
|dϕ|p,
and
(8.9) ‖dϕ‖p
W 1,p(B1)
≤ lim inf
ǫ→0
‖dϕǫ‖
p
W 1,p(B1)
≤ C(k, n)
∫
B2
|dϕ|p.
Proposition 2.2 then follows by scaling.
8.2. Proof of Lemma 3.5.
In this section, we prove Lemma 3.5, which we employed in the proof
of Corollary 3.6. For convenience, we restate the lemma here:
Lemma 8.1. Let B2(x) be a geodesic ball in a manifold M
n of sectional
curvature |sec(M)| ≤ k and injectivity radius inj(M) ≥ 3. Let S be an
(n− 2)-current in W−1,p(B2(x)) satisfying, for some constant A,
(8.10) 〈S, ζ〉 ≤ Arn−p‖ζ‖p−1L∞ ‖dζ‖
2−p
L∞ ∀ζ ∈ Ω
n−2
c (Br(y))
for every ball Br(y) ⊂ B2(x). Suppose also that the r-tubular neighborhoods
Nr(spt(S)) about the support of S satisfy
(8.11) V ol(B2(x) ∩ Nr(spt(S))) ≤ Ar
p.
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Then there is a constant C(n, k,A) such that for every 1 < q < p, we have
(8.12) ‖S‖W−1,q(B1(x)) ≤ C(n, k,A)(p − q)
−1/q.
Let’s begin now by making some simple reductions. First, since the
given metric g on B2(x) is uniformly equivalent to the flat one g0 with
C(n, k)−1g0 ≤ g ≤ C(n, k)g0
for some constant C(n, k), it will suffice to establish the lemma in the flat
case. Next, we note that every (n−2)-current S in Bn2 (0) ⊂ R
n is described
by a finite collection of scalar distributions Sij , where
〈Sij, ϕ〉 := 〈S, ∗ϕdx
i ∧ dxj〉.
Thus, it is enough to show that Lemma 8.1 holds with a scalar distribution
f in place of the (n− 2)-current S. Our first step in proving this is then the
following observation:
Lemma 8.2. For p ∈ (1, 2), let f ∈ W−1,p(Bn2 (0)) be a distribution on
Bn2 (0) satisfying the estimate
(8.13) 〈f, ϕ〉 ≤ Arn−p‖ϕ‖p−1L∞ ‖dϕ‖
2−p
L∞ ∀ϕ ∈ C
∞
c (Br(x))
for every ball Br(x) ⊂ B
n
2 . Fixing a cutoff function χ ∈ C
∞
c (B5/3(0)) such
that χ ≡ 1 on B4/3(0), set
w(x) := 〈(χf)(y), G(x − y)〉,
where G is the n-dimensional Euclidean Green’s function. We then have for
x ∈ B1(0) \ spt(f) a pointwise gradient estimate of the form
(8.14) |dw(x)| ≤ CnA · dist(x, spt(f))
−1.
Proof. For x ∈ B1\spt(f), we observe that the pointwise derivatives wi(x) :=
∂iw(x) are well-defined, and given by
wi(x) := ∂iw(x) = cn〈(χf)(y), |x − y|
−n(x− y)i〉,
where cn is a dimensional constant.
To establish (8.14), first choose a function ζ ∈ C∞c ([
1
2 , 2]) satisfying
ζ ≡ 1 on [
3
4
,
3
2
] and |ζ ′| ≤ 10,
and for j ∈ Z, set
ζj(t) := ζ(2
−jt).
Defining
ηj(t) :=
ζj(t)
Σk∈Zζk(t)
,
it’s easy to see that the functions ηj satisfy
(8.15) spt(ηj) ⊂ (2
j−1, 2j+1),
(8.16) Σj∈Zηj(t) = 1,
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and
(8.17) |η′j | ≤ 10 · 2
−j .
Given x ∈ Bn1 \ spt(f), let m = ⌈| log2 δ|⌉, so that
21−m ≥ dist(x, spt(f)) ≥ 2−m.
Writing
wi(x) = cn〈(χf)(y), |x − y|
−n(x− y)i〉
= cn〈(χf)(y),Σj∈Zηj(|x− y|)|x− y|−n(x− y)i〉,
and observing that
1− Σ2j=−mηj(|x− y|) = 0
when y ∈ spt(χf) ⊂ B4(x) \B2−m(x), it follows that
wi(x) = cn〈(χf)(y),Σ
2
j=−mηj(|x− y|)|x− y|
−n(x− y)i〉
= cnΣ
2
j=−m〈(χf)(y), ηj(|x− y|)|x− y|
−n(x− y)i〉.
Setting
ϕj(y) := χ(y)ηj(|x− y|)|x− y|
−n(x− y)i,
we can then use (8.15)-(8.17) to see that
spt(ϕj) ⊂ B2j+1(x),
‖ϕj‖L∞ ≤ 2
(j−1)(1−n),
and
‖dϕj‖L∞ ≤ Cn2
−n(j−1).
By (8.13), it therefore follows that
|〈f, ϕj〉| ≤ A(2
j+1)n−p‖ϕj‖
p−1
L∞ ‖dϕj‖
2−p
L∞
≤ CnA(2
j+1)n−p · 2(j−1)(1−n)(p−1) · 2−n(2−p)(j−1)
≤ C ′nA2
−j .
Summing from j = −m to j = 2, we obtain finally
|wi(x)| = |cnΣ
2
j=−m〈f, ϕj(y)〉|
≤ CnAΣ
2
j=−m2
−j
≤ CnA2
m
≤ 2CnA · dist(x, spt(f))
−1,
giving the desired estimate (8.14). 
Corollary 8.3. Let f ∈W−1,p(Bn2 (0)) be as in Lemma 8.2, satisfying
(8.18) 〈f, ϕ〉 ≤ Arn−p‖ϕ‖p−1L∞ ‖dϕ‖
2−p
L∞ ∀ϕ ∈ C
∞
c (Br(x))
for every ball Br(x) ⊂ B2(0). In addition, suppose that the tubular neigh-
borhoods Nr(spt(f)) about the support of f satisfy the volume bound
(8.19) V ol(Nr(spt(f))) ≤ Ar
p.
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Then there is a constant C(n,A) <∞ depending only on n and A such that
for every q ∈ (1, p), we have the estimate
(8.20) ‖f‖W−1,q(B1(0)) ≤ C(n,A)(p − q)
−1/q.
Proof. By Lemma 8.2, there exists a function w ∈W 1,p(Bn2 (0)) satisfying
∆w = f on B4/3(0)
and
(8.21) |dw(x)| ≤
CnA
dist(x, spt(f))
for x ∈ B1(0) \ spt(f). For any ϕ ∈ C
∞
c (B1(0)) and q ∈ (1, p), we then have
〈f, ϕ〉 = 〈∆w,ϕ〉
= −
∫
〈dw, dϕ〉
≤ ‖dw‖Lq(B1(0))‖dϕ‖Lq′ ,
while, by (8.21) and (8.19), we see that∫
B1(0)
|dw|q ≤ CnA
q
∫
B1(0)
dist(x, spt(f))−q
≤ CAq
∫ 2
0
qr−q−1V ol(Nr(spt(f)))dr
≤ CAq+1
∫ 2
0
rp−q−1dr
≤
CAq+1
p− q
.
Thus, we indeed have
〈f, ϕ〉 ≤ C(n,A)(p − q)−1/q‖dϕ‖Lq′ ,
the desired W−1,q estimate. 
As remarked previously, Lemma 8.1 now follows by applying Corollary
8.3 to the scalar component distributions of the (n − 2)-current S.
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